LIMIT CANONICAL SYSTEMS 
ON CURVES WITH TWO COMPONENTS 

EDUARDO ESTEVES AND NIVALDO MEDEIROS 

Abstract. In the 80's D. Eisenbud and J. Harris considered the foUowing problem: "What 
are the hmits of Weierstrass points in famihes of curves degenerating to stable curves?" But 
for the case of stable curves of compact type, treated by them, this problem remained wide 
open since then. In the present article, we propose a concrete approach to this problem, and 
give a quite explicit solution for stable curves with just two irreducible components meeting 
at points in general position. 
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1. Introduction 



1.1. Goal. In ||EH2|| D. Eisenbud and J. Harris asked: "What are the limits of Weierstrass 



points in families of curves degenerating to stable curves not of compact type?" As an- 
nounced in ||EM|| , in the present article we answer their question for stable curves with just 
two irreducible components meeting at points in general position. 

For a glimpse of our results, consider the following particular case: Let C be a nodal curve 
with two elliptic components Ei and E2 meeting at 6 points pi, . . . ,ps in general position. 
View C in f^^~^ under the bicanonical map, and let H C p3<5-i the projective subspace 
spanned hj pi, . . . ,ps. For each hyperplane L C i7 let Ri{L) and R2{L) be the ramification 
divisors of the projections of Ei and E2 with center L, and put 

W{L) := R,{L) + R2{L) + [6 + 1){6 - 2){p^ + ■ ■ ■ + ps). 



First author supported by PRONEX, Convenio 41/96/0883/00, CNPq, Proc. 300004/95-8, and FAPERJ, 
Proc. E-26/170.418/2000-APQ1. 
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It follows from our Theorem 10.7 (see Example 11.3 as well) that each W{L) is limit of 
Weierstrass divisors in one-parameter families of smooth curves degenerating to C, and 
there are no other such limits. 

1.2. Some history. Limits of ramification points and linear systems were studied by Eisenbud 
and Harris in the 80 's, when they developed the theory of limit linear series for curves C of 
compact type; see [EHT|. (As observed in |[H1V1] , p. 256], the theory works more generally 



when C is treelike, that is, when the normalization of C at all its irreducible nodes is of 
compact type.) Many important applications of their theory were found; a survey is given 
in pHl|] . 

Since many applications were obtained from a theory applicable only to curves of a special 
type, it's natural to expect more applications from a more general theory. In fact, Eisenbud 



and Harris wrote in ||EH3| , p. 220] that "... there is probably a small gold mine awaiting 



a general insight." Despite the potential for applications and the vast interest the topic 
generated in the 80's, the theory of limit linear series could not be extended to stable curves 
of more general type. There was unpublished work of Z. Ran on degenerations of linear 
series 0, but the crucial relationship with degenerations of ramification points was yet to 
be established. 

It was only recently that this relationship was established by the first author in |[E2|| , 
building up on the work of Ran (or rather rediscovering it) and using the substitutes for the 
sheaves of (relative) principal parts discovered in |[E1|| . It is apparently possible to generalize 



the theory of limit linear series of [[EH1|| starting from results in [[E2| 



Though a more general theory of limit linear series is yet to be developed, it is already 
possible to apply the results in ||E2|| to answer the question raised by Eisenbud and Harris; 
see 1.1. For starters we describe in the present article a complete answer for stable curves with 
just two irreducible components meeting at points in general position. This is a substantial 
breakthrough, as the question was not completely answered even for the simplest case of 
stable curves with two elliptic components meeting at two points in general position. 

In fact, it was only very recently that partial progress was made by M. Coppens and 
L. Gatto towards answering the question. In ||CG|| Coppens and Gatto consider a stable 
curve C with just two irreducible components meeting at 6 points in general position, and 
show that all the points in each collection of 5 — 1 smooth points of C are limits of Weierstrass 
points in a suitable family of smooth curves degenerating to C. (Their result is partially 
recovered by our Proposition 11.1.) Besides this general result, they study the case where one 
of the components of C is elliptic and obtain partial results. In contrast with the methods 
used in the present article, they use admissible covers. 



Besides ||E2|| , the recent work by L. Maino on enriched structures in her Ph.D. thesis 
was important for us. Actually, as we deal here only with limits of canonical systems, we 
used only a fraction of what is available in |M 



There are further recent works on (generalizations of) limit linear series worth noticing, 
even though they are not completely related to what we do here. First, there is a draft 
by R. Pandharipande who takes a Geometric Invariant Theory approach to proving the 
existence of what he calls generalized linear series for certain degenerations. Second, there 
is A. Bruno's thesis [BT], where he studies degenerations of linear systems to a stable curve 



with two components. It's particularly interesting the conditions he gives for such a curve 
to be a limit of smooth plane quintics. Finally, there is ||B2| |, where applications to (variants 
of) a problem of Severi's are given. 
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L. Gatto and L. Maino for helpful conversations. 

1.3. The general approach. Rather than producing directly a space parameterizing limits 
of Weierstrass divisors on a stable curve, our approach consists of producing a variety V of 
limits of canonical systems and a formula that gives for each point of V the corresponding 
limit of Weierstrass divisors. This method is applicable to any stable curve, as we shall 
describe below. 

Let C be a connected, local complete intersection, projective curve of arithmetic genus 
g > Q defined over an algebraically closed field k of characteristic 0. Let B :— Spec(A;[[t]]), 
and denote by o its special point and rj its generic point. A smoothing of C is a projective 
and fiat map tt: S B such that Sn is smooth and So = C. For each smoothing tt: S B 
of C let := Wrj n C, where W,^ C 5 is the Weierstrass subscheme of Sjj. We call the 
associated cycle [H^^j the limit Weierstrass divisor ofir. 

Let Ci, . . . , C„ denote the irreducible components of C. A smoothing tt: 5" — > S of C is 
called regular if S is regular everywhere but possibly at the singularities of C that lie on just 
one component Cj. U it: S B is a regular smoothing of C, then Ci, . . . , C„ are Cartier 
divisors on S. 

Assume from now on that the irreducible components of C meet at nodes, that is, ordinary 
double points. Let A denote the set of points of intersection between distinct components 
of C. For each n in := HpeA^^ ^ curve obtained from C by splitting the 

branches of C at each j9 G A and connecting them by a chain of /ip — 1 rational, smooth 
curves (see Figure 1). We say that C is the ^-semi-stable model of C. The smoothings of C 



correspond to the regular smoothings of the semi-stable models of C. This correspondence 
is called semi-stable reduction; see 2.7. We shall view the irreducible components of C as 
irreducible components of C. 

For each i — 1, ... ,n let di e Z and put Lj UJi{{l + di) ^^p^/^.p), where CJi is the 
dualizing sheaf of Cj and A, :— AdCi. 

Let fi G Z^ and consider a regular smoothing n: S ^ B of the /x-semi-stable model C 
of C. Let be the (relative) dualizing sheaf of tt. By Theorem 2.2, for each i = 1, . . . ,n 
there is a unique Cartier divisor Di on S that is supported in the union of all irreducible 
components of C but Ci and such that the following two properties hold for £i := OJ^{Di). 

1. The natural map ft: H^{C.i){o) H'^{Ci\ci) injective. 

2. The natural map ftj: H^{Ci){o) — > if°(£j|c^.) is not zero if j ^ i. 

Let V^^i :— Im(ft). We call Ci the canonical sheaf ofn with focus on Ci and {V^^i, AlcJ "the 
limit canonical aspect ofw with focus on Ci. For each p G Aj denote by ii{p) the coefficient in 
Di of the irreducible component of C other than Q containing p. We call iiip) the correction 




Figure 1. Semi-stable reduction. 
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number for Ci at p. Let d^f^j :— max{£j(p) \ p G Aj}. If di > d^^i then AIq Q ^i, and thus 
V5f,i can be viewed as a (/-dimensional subspace of if°(Lj). 

Assume from now on that di > d^^i for every regular smoothing vf of every semi-stable 
model of C and every i = 1, . . . ,n. (This condition holds if there are no loosely connected 
rational tails in C; see Remark 2.5.) Let 



where Ri,^i is the ramification divisor of {Vi,hi) for each i = 1, . . . ,n. By Theorem 2.8 (see 
Remark 2.9 as well), if tt is a regular smoothing of a semi-stable model of C then Wi^- is the 
limit Weierstrass divisor of the corresponding smoothing of C. 

So, in order to answer the question posed by Eisenbud and Harris (see 1.1), it's enough 
to understand V well. We propose the following problems: 

1. Describe explicitly each and the interrelations among the various V^. 

2. Find properties of V. For instance, is V projective? Is V connected? What is the 



dimension of V? When is V irreducible? What is the number of irreducible components 
of V? 



1.4. Results. Solving the problems raised at the end of 1.3 can be difficult without further 
hypotheses. In the present article we apply the approach of 1.3 for curves with just two 
irreducible components meeting at points in general position. We describe our results below. 

Let C be a connected, local complete intersection, projective curve of arithmetic genus 
g > defined over an algebraically closed field k of characteristic 0. Assume that C has only 
two irreducible components, denoted X and Y, and that the points oi X (lY are nodes of C. 
Let A := X nY and 6 := |A|. Let gx and gy be the arithmetic genera of X and Y. Then 
g = gx + gy + S — Assume that 5 > 1 or gxgy > 0- Let UJx and (Jy denote the dualizing 
sheaves of X and Y. 

Assume from now on that A lies in general position on X and Y. More precisely, assume 
that each effective divisor D on X (resp. Y) supported in A and of degree at most gx (resp. 
gy) imposes independent conditions on Ux (resp. OJy). 

Let V be the variety of hmit canonical systems of C, as described in 1.3. Our Theorem 10.6 
asserts that V is connected, projective and of pure dimension. Moreover, dim V = 5 — 1 unless 
gx — gy — 0, which case V is a point. Our Theorem 11.2 gives a lower bound for the 





i<j peCiDCj 
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number N(y) of irreducible components of V. Using this lower bound we show that V is 
irreducible if and only if gx, S'y < 1- If 5 = 2 then A^(V) = g — gcd{gx + 1, fi'y + 1); see 11.5. 

We solve Problem 1 of 1.3 as well. In fact, our solution to Problem 2 follows from our 
quite explicit solution to Problem 1. We proceed as follows. To each /i in := IlpeA^^ 
we associate non-empty subsets J^, C A and (5-tuples a^,(3^ G such that a^^p < gy 
and Pf^^p < gx for each p E A; see 4.1. These associated data a^, (3p, Ip, are obtained 
numerically from /i alone, but they have geometric meaning as well. In fact, let C be the 
/i-semi-stable model of C and (p: C ^ C the induced map. Let C be the canonical sheaf 
with focus on X (resp. Y) of a regular smoothing of C. Let p G A. Then p E (resp. 
p G J^) if and only if is invertible at p; see Remark 5.3. In addition, ap^p (resp. 

/5/i,p) is the correction number for C at the point of C lying on X (resp. Y) and above p\ see 
Theorem 5.2. So C G, where 

G := Grass,(ff°(6c;x((l + 9y) EpeA^))) x Grass,(/fO(Wy((l + gx) E^saP)))- 

It's interesting to note that, since and are non-empty, the canonical sheaves with 
foci on X and Y of every regular smoothing of every semi-stable model of C push forward to 
(relatively) simple sheaves on the corresponding smoothing of C. (Recall that a sheaf L on 
C is simple if End(L) = k.) So we need only consider sheaves that are simple on C to obtain 
a projective variety V. This is the same situation found in |[E3|| , where a compactification of 



the (relative) Jacobian of a family of curves was constructed using only simple sheaves. 

Theorem 10.1 asserts the importance of the data a^, J^: they determine V^. In 
fact, an explicit description of from these data is given by Theorem 8.2. As a corollary 
we obtain Theorem 8.5, which asserts that each is isomorphic to a torus and gives a 
formula for the dimension of V^. 

Theorem 10.1 asserts as well that any two and V^/ are either equal or disjoint. Now, 
there are only finitely many as there are only finitely many associated data a^, (3^, Ip, J^. 
So the covering (1.3.1) can actually be thought of as a finite stratification of V. 

It remains to describe the relationship between the several V^. First, Theorem 10.1 says 
that Vr/i = for each positive integer r. This fact is not surprising as each regular 
smoothing of the /i-semi-stable model of C induces a regular smoothing of the r/z-semi- 
stable model after base change of degree r and resolution of singularities. At any rate, this 
fact allows us to define for each /x in := HpeA 'Q'*' obvious way. Then we obtain 

a remarkable relation between the Zariski topology of V and the Euclidean topology of Q^: 
Theorem 10.5 asserts that there is a neighborhood Up C of each /i G such that the 
closure C G satisfies 

% = U 

Ji&U 

for every open neighborhood t/ C f/^ of /i. 

1.5. An overview. Let C be a connected, local complete intersection, projective curve of 
arithmetic genus 5^ > defined over an algebraically closed field of characteristic 0. Assume 
that the irreducible components of C meet at nodes. 

In Section 2 we review the fundamentals of the theory of limit linear systems and limit 
ramification points on C developed in |Jli)2|] , as applied to limits of canonical systems and 



Weierstrass points. In contrast with ||E2|| we show here how to handle non-regular smoothings 
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of C using semi-stable reduction; see 2.7 and Theorem 2.8. Semi-stable reduction can be 
incorporated to the general theory of limit linear systems and limit ramification points, but 
we refrain from carrying this out here. 

In Section 3 we prove the purely numerical Lemma 3.1. 

In Section 4 we define our basic set-up, introducing the terminology that shall be used in 
the rest of the article. Except in Section 6, it is assumed from here on that C has just two 
irreducible components X and Y. Let A := X (1 Y . We state as well the general-position 
conditions, (4.3.1) and (4.3.2), that will be assumed later. Using Lemma 3.1, we define for 
each fj, in := HpeA numerical data a^, which will a posteriori determine 

the stratum of the variety of limit canonical systems V. 

In Section 5 we determine for each regular smoothing of a semi-stable model C of C the 
associated canonical sheaves and limit canonical aspects with foci on X and Y. Our main 
result here is Theorem 5.2. 

In Section 6 we review the part of the theory of enriched structures of Maine's which is 
necessary for us. Unfortunately, Maine's results do not seem to meet directly our needs. 
So we follow an approach that is slightly different from hers, and give independent proofs. 
For instance, for us an enriched structure is a collection of invertible fractional ideals on C 
satisfying certain properties, rather than just the collection of their associated (abstract) 
invertible sheaves; see 6.4 and Remark 6.7. The main result of this section. Theorem 6.5, 
gives a criterion for when a collection of fractional ideals on C comes from an enriched 
structure. It would actually be more useful to have instead a similar criterion valid for 
collections of invertible sheaves. 

In Section 7 we begin our study of the regeneration process. More precisely, we fix /i G Z^, 
and determine which invertible sheaves on the /x-semi-stable model C of C are restrictions 
of canonical sheaves of regular smoothings of C with foci on X and/or Y. Theorem 6.5 is 
our main tool. 

In Section 8 we apply the theorem of Section 7 to give a characterization of the stratum 
in terms of the numerical data a^, f3^, J^j^. Our main results here are Theorems 8.2 and 8.5. 

In Section 9 we study boundary points of certain tori orbits in products of Grassmannians. 
This section does not rely on the rest of the paper and might be of independent interest. In 
fact. Lemma 9.1 is probably well known. We give a proof of it as the proof of Lemma 9.2 is 
based on that proof. 

In Section 10 we prove our most important results. Theorems 10.1, 10.5, 10.6 and 10.7. 
Here we tackle all strata of V together and determine which lie in the closure in V of 
which. Lemma 9.2 is needed for this purpose. 

In Section 11 we collect a few results: Proposition 11.1 recovers in part the main result 
of [ pG|| and Theorem 11.2 gives estimates on the number of irreducible components of 
V. In addition, we describe how to represent V graphically (see 11.4) and describe this 
representation for |A| = 2 and |A| = 3; see 11.5-6. 



1.6. Notation. If F and G are sets, let Gp '■= IlpeF^- If C is a group then so is Gp] in 
addition, if £^ C F we shall view G^; as a subgroup of Gi? in the natural way. 

Let F be a finite set. Given 6, c G Z^? write h < c ii hp < Cp for every p & F. For each 
b G let |6| := J^p^pK- View each p G F as an element of Zp, defined by Pp := 1 and 
Pq := if q ^ p. In addition, view each 5 C F as the sum XlpGbP inside Zp. 
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Let A; be a field. Given b E Zp and t G kp, let := HpeF V- The group kp acts diagonally 
on kp: given t E k*p and f G kp, define t ■ v E kp hj {t ■ v)p := tpVp for each p E F. 

If JF is a coherent sheaf and D is a Cartier divisor on a scheme X, let Ox{D) denote the 
invertible sheaf associated to D, and put J^{D) := JF (g) Ox{D). If X is a scheme and Y a 
closed subscheme, let \Y] denote the associated cycle on X. 

In the present article, a curve is a connected, reduced, local complete intersection, projec- 
tive scheme of pure dimension 1 defined over an algebraically closed field of characteristic 0. 
A singularity of a curve is called irreducible if it lies on just one irreducible component, and 
reducible if not. It is called a node if it is an ordinary double point. In the present article, a 
curve is called nodal if all its reducible singularities are nodes. In addition, a curve is called 
treelike if its normalization at all irreducible singularities is of compact type. 

2. Limit canonical systems and Weierstrass divisors 

2.1. Limit canonical systems. Let C be a curve and Ci, . . . , C„ its irreducible components. 
A smoothing of C is a projective and fiat map n: S ^ B, where B is the spectrum of a 
discrete valuation ring, the special fiber of vr is C and the generic fiber is smooth. If vr is a 
smoothing of C let oj.,^ denote the (relative) dualizing sheaf of it. Then oj.,^ is an invertible 
extension to S of the canonical sheaf on the generic fiber of vr. 

A smoothing vr : S* — >■ i? of C is said to be regular if S is regular everywhere but possibly 
at the irreducible singularities of C. 

Let Tc: S ^ B he a. regular smoothing of C and a the special point of B. Then Cj is a 
Cartier divisor on S for each i = 1, . . . ,n. (In fact, Ci is principal away from the irreducible 
singularities of C because S is regular there, and at each irreducible singularity of C in Ci 
because Ci is locally the pull-back of a.) In addition, Ci + ■ ■ ■ + is the pull-back of o, 
hence linearly equivalent to 0. Since C is connected, a Z-linear combination of Ci, . . . , C„ 
is linearly equivalent to if and only if it is a multiple of Ci + ■ ■ ■ + C„. 

If C is an invertible extension to S of the canonical sheaf on the generic fiber of vr, then 

C = UJ-j^itiCi + ■ ■ ■ + tnCn) 

for certain integers ti, . . . , tn- We say that £ is a canonical sheaf of tt. In particular, is a 
canonical sheaf. 

For each canonical sheaf C of vr, the base-change map gc'- H^{C){o) H^{C\c) is injec- 
tive. We say that {lm{gc), C\c) is a limit canonical system ofn. 

Theorem 2.2. Let C be a nodal curve of arithmetic genus g > and Ci, . . . , C„ its irre- 
ducible components. Let tt: S ^ B be a regular smoothing of C and a the special point of B. 
Then for each i = 1, . . . ,n there is a unique canonical sheaf Ci of n meeting the following 
two conditions. 

1. The natural map Qi: H^{Ci){o) —>■ if°(£j|cj is injective. 

2. The natural map Qij: H^{Ci){o) —>■ H^{Ci\cj) is not zero if j ^ i. 

Proof As in Thm. 1, p. 23 and Prop. 2, p. 26]. See as well. □ 



Definition 2.3. Keep the set-up of Theorem 2.2. For each i = 1, ... ,n we say that Ci is 
the canonical sheaf of it with focus on Ci. The associated limit canonical system is also said 
to have focus on Ci. In addition, we call the linear system {lm{gi), A|cJ the limit canonical 
aspect of 7T with focus on Ci. 
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For each i = 1, . . . , n there are unique integers U^i, . . . , U^n such that U^i = and 



n 



J = l 

For each reducible node p of C in Cj let := tjj-, where j is the unique integer such that 
j ^ i and p E Cj. Call ii{p) the correction number for Ci at p. 

Proposition 2.4. Let C be a nodal curve of arithmetic genus g > and Ci,...,C„ its 
irreducible components. Let tx: S ^ B be a regular smoothing of C. If A4 is a canonical 
sheaf of TT such that the restriction H^{}A) — > if°(A^|c-) is not zero for every i = 1, . . . ,n, 
then for each i = 1, . . . ,n there are unique non-negative integers ti^i, . . . , ti^n such that ti^i = 
and 

n 

C. = M(J2t,,C,), 
where Ci is the canonical sheaf of it with focus on Q. 

Proof As in Prop. 4, p. 27]. □ 

Remark 2.5. Keep the set-up of Proposition 2.4. For each i = 1, . . . , n let Cj be the 
minimum non-negative integer such that the restriction, 

is not zero. Since forming commutes with changing B, we have Cj > if and only if Ci 
is smooth and rational and there are as many connected components of C — Cj as points in 
CjflC — Ci. (In this case, Ci is called a loosely connected rational tail; see []C|, Def. 3.2, p. 75].) 
Let 

n 

i=l 

By Proposition 2.4, for each i = 1, . . . ,n, there are non-negative integers . . . , such 
that ti^i = and 

n 

c,^M(J2uM. 

If p E Ci n Cj for j i then tij < 2g — 2 because degCild < 2g — 2. Observe that 
ii{p) = tij — Cj + Ci. Thus ii{p) < 2g — 2 ii Ci is not a loosely connected rational tail. 

Definition 2.6. Let n: S ^ B he a. smoothing of a curve C. The Weierstrass scheme on 
the generic fiber of vr extends to a unique closed subscheme W C 5* that is flat over B. 
We say that the special fiber of W is the limit Weierstrass scheme of it, and call the 
associated cycle [W] the limit Weierstrass divisor of ir. 

2.7. Semi-stable reduction. Let C be a nodal curve and tt: S ^ B a smoothing of C. If p 
is a node of C, then the local equation for vr at p is of the form t^*" = hih2, where fip is a 
positive integer, t is a local parameter of B at the special point, and hi and /i2 are the local 
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equations of the branches of C at p. The integer Hp is called the singularity type of n at p. 
The smoothing is regular if and only if its singularity type at every reducible node of C is 1. 

If S is not regular, then we resolve its singularities at the reducible nodes of C by blowing 
up successively. We obtain a regular smoothing n: S ^ B whose generic fiber is equal to 
that of 71, and whose special fiber C is the curve obtained from C by splitting the branches 
of C at each reducible node p, and connecting them by a chain Zp oi /ip — l rational, smooth 
curves Zp i, . . . , Zp^^^^i, where /ip is the singularity type of tt at p (see Figure 1). We say 

that the curve C described above is a semi-stable model of C, and call tt the semi-stable 
reduction of n. We'll view the irreducible components of C as irreducible components of C. 

Conversely, let tt' : S" — > B' be any regular smoothing of the curve C described above. 
Blow down the chains Zp of rational, smooth curves, and let S' denote the ensuing surface. 
Since the only curves contracted lie on the special fiber of tt , the map vf' descends to a map 
tt': <S" — > B'. The self-intersection of each Zpj in S' is —2 because S' is regular along Zpj. 
So, each chain Zp is blown down to a node, and we recover the curve C as the special fiber 
of tt'. Thus tt' is a smoothing of C. 

Let (p: S ^ S denote the birational map. Let UJ and UJ denote the (relative) dualizing 
sheaves of tt and tt, respectively. Since C is Gorenstein, UJ and UJ are invertible. Since UJ 
and (f)*UJ coincide on the generic fiber of tt, and on every irreducible component of C, the 
two sheaves are equal. Hence, by the projection formula, UJ — (p^UJ. So, if W and W are the 
limit Weierstrass schemes of tt and tt then [W] = (p*[W]. 

Therefore, to determine all limit Weierstrass divisors on C we need only determine the 
limit Weierstrass divisor of each regular smoothing of each semi-stable model of C. 

Theorem 2.8. Let C be a nodal curve of arithmetic genus g > and Ci, . . . ,Cn its irre- 
ducible components. Let N be the set of reducible nodes of C . Let n be a smoothing of C 
and n its semi-stable reduction. Let C be the special fiber ofn. For each i = 1, . . . ,n, let 
Ri be the ramification divisor of the limit canonical aspect ofn with focus on Ci. For each 
i — 1, . . . ,n and each p E N r\Ci let U{p) be the correction number for the canonical sheaf of 
n with focus on Ci at the point of C in Ci lying above p. Then the limit Weierstrass scheme 
W of t: satisfies 

n 

i=l i<j peCiCiCj 

Proof. Let p & N, say p e Cj fl Cj where 1 < i < j < n. Let /ip be the singularity type of tt 
at p. Let Zp^i, . . . , Zp^i^^_i be the chain of rational, smooth curves on C that are contracted 

to p in C. Assume that Zp i intersects Cj and Zp^^^^i intersects Cj. Put ZpQ := Cj and 
Zp,^lp '■= Cj. For each h = 0, jj,p — 1 let Zp^h be the point of intersection of Zp^^ and Zp^^+i 
(see Figure 1). 

For each /i = 0, . . . , /Xp let J\fp^h denote the canonical sheaf of tt with focus on Zp^^. For 
each h = 1, fip — 1 let Xp^h and Upji be the correction numbers for Afp^h at Zp^h-i and Zp^h, 
respectively. Since Zp^h is smooth and rational, and its self-intersection is —2, it follows that 
J^p,h\zph has degree Xp^h + i^p,h- Hence, by Pliicker's formula, the ramification divisor Rp^h of 
the limit canonical aspect of tt with focus on Zp satisfies 

(2.8.1) deg Rp^h = 9{Xp,h + i^p,h - {g - !))• 
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Put Upfi := ii{p) and Ap,^^, := ij{p). Then 

,h+l + ^p,h)Zp^h + + ■ ■ ■ ) 

for /i = 0, /ip — 1. 

By Thm. 7, p. 30] the hmit Weierstrass scheme Wofn satisfies 

n ~ 1 Mp ^ 1 

(2.8.2) [W]=J2^' + J2{Y1 ^f'^ + 5^ ^7(^7 - 1 - Ap,,+i - Up,h)zp,h) . 

i=i peAT /i=i h=o 

Now, [VT] is the push-forward of [W] to C. Combining (2.8.1) and (2.8.2) we get the 
expression for [W] claimed. □ 

Remark 2.9. Keep the set-up of Theorem 2.8. For each i = 1, . . . , n let be the dualizing 
sheaf of Cj. Assume that for each i = 1, . . . ,n there is an integer di such that ii{p) < di 
for each p & N (1 Ci. (For instance, we may let di := 2g — 2 for each i = 1, ... ,n if no 
irreducible component of C is a loosely connected rational tail; see Remark 2.5.) Then, 
instead of viewing the limit canonical aspect of tt with focus on Ci as a system with sections 
in LOi{Y,p(zNncS^ + ^i{p))p)^ we may view it as having sections in UJi{{l + di)Y,p(zNnc^P)- Let 
Ri{di) be the corresponding ramification divisor. Then 

n 

[W]=Y,R^id^)+Y.9i9-'^-di-dJ) p. 

1=1 i<j p&C'iDCj 

3. A NUMERICAL LEMMA 

Lemma 3.1. Let A be a non-empty finite set and fi G Qj. For each t; G Z there are unique 
a G Za and p G Qa satisfying the following four conditions. 

(3.1.1a) < Pp < Pp for every p E A, 

(3.1.1b) I := {p E A \ pp = pp} is non-empty, 

(3.1.1c) t; < |a| < t; + 

(3.1. Id) pp{ap + 1) - pp = pq{aq + 1) - pg for all p,q e A. 

//"■y > 1 — 1^1 then a > 0. If a > but Op = for some p & I then a = and I = A. 

Proof. The existence of a G Za and p G Qa satisfying Conditions (3.1.1) is equivalent to 
the existence of /? G Za and a G Qa satisfying the following four conditions. 

(3.1.2a) < CTp < Pp for every p G A, 

(3.1.2b) J := {p G A I CTp = 0} is non-empty, 

(3.1.2c) \(3\=v, 

(3.1. 2d) ppPp + ap = pql3q + Oq for all p,q E A. 

In fact, suppose that P G Za and cr G Qa satisfy Conditions (3.1.2). Define a G Za and 
p G Qa by letting for each p G A, 

^ 1 (/^P) /^p ~ ^p); otherwise. 
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Then a and p satisfy Conditions (3.1.1). Conversely, suppose that a e Za and p e Qa 
satisfy Conditions (3.1.1). By (3.1.1c), there is a proper subset K oi I with \K\ — \a\ — v. 
Define /? e Za and a e Qa by letting for each p G A, 

^ ^1 Hap - 1,/^p), iipeK, 
^' ^ ](ap,pp — pp), otherwise. 

Then /3 and a satisfy Conditions (3.1.2). 

Let's prove now the existence of /9 G Za and a e Qa satisfying Conditions (3.1.2). Let F 
be the set of points x G Ka such that 

(3.1.3) Xp — /ipPp + (Tp for each p e A, 
where (3 and a e Ra satisfy Conditions (3.1.2a-c). Let 

i:) := {y e Ra I yp = Vq for all p, g e A}. 

If r meets D, then there are /3 e Za and a e Ra satisfying Conditions (3.1.2). In addition, 
(7 e Qa by (3.1.2b) and (3.1. 2d). Thus, it is enough to show that F meets D. 

If X e F then v < Ylip^A^pl l^p < i^ + ^ by (3.1.2a-c) and (3.1.3). Since D % P, where 

P:= {yeRAl EpeA?/p/)"p = 0}, 

there is a point ,t G F closest to D. Fix this point x, and let /3 e Za and a e Ra satisfying 
(3.1.2a-c) and (3.1.3). We'll show that x E D. 

Suppose X ^ D. Let d: Ra — > R be the distance function to D. Since the coordinate axes 
are not parallel to D and x ^ D, we have dpd{x) ^ for every p e A. If < ap < for 
a certain p G A, then we would be able to produce a point of F closer to D by making Up 
vary. So, either ap — Q or Up — pp for each p e A. In addition, dpd{x) > if cTp = and 
dpd{x) < if (Tp = Pp. 

Suppose that Up — Q and Uq = pg for certain p, g e A. Define P' G Za and a' e Qa by 
letting for each r e A, 

{{(3p-l,pp), if r=p, 
(/3, + l,0), ifr = g, 
{I3r,crr), otherwise. 

Then x^ = Prl^l + cr^ for every r e A. However, since dqd{x) < and a'^ — 0, we would get 
a point of F closer to D by increasing cr^, reaching a contradiction. Therefore, either a — 
or a = p. By (3.1.2b), a = 0, and thus dpd{x) > for every p e A. 

Now, let y E D be the closest point to x, and z := x — y. Then J2peA ~ 0- -^^^ -^p > 
for every p e A because dpd{x) > 0. Hence 2; = and x E D, reaching a contradiction. Thus 
X E D, and hence /3 and a satisfy Conditions (3.1.2). 

Let's prove now uniqueness of a G Za and p E Qa meeting Conditions (3.1.1). Let 
a' E Za and p' E Qa satisfying the same conditions as a and p. Suppose ap > a'p for some 
p e A. So, 

(3.1.4) pg{a'g + 1) - = pp{ap + 1) - p'^ < Pp{ap + 1) - p^ = pq{aq + 1) - pq, 

and hence Uq > a'q for every g e A, with equality only if p'^ > pq. Thus aq > a'q for every 
q E I. Then 

\a\ > \a'\ + \I\>v+ 1/1, 
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reaching a contradiction with (3.1.1c). So a < a'. Interchanging the roles of a and a', we 
get a — a' . 

Suppose now that p'^ > pp for some p E A. So (3.1.4) holds, and hence p'g > pg for every 
q E A. Since Pg = Pg and Pg > p'^ for every q E I, we reach a contradiction. So, p^ < Pp for 
every p E A. Interchanging the roles of p and p', we get p = p' ■ 

Finally, if ccp < for some p G A, then ctg < for every g e A by Condition (3.1. Id). If 
so, V < —\A\ by Condition (3.1.1c). Now, if o; > but ap — for some p E I, then a — 
and 7 = A by Condition (3.1. Id). □ 

Definition 3.2. Keep the set-up of Lemma 3.1. We call (a, p, /), and sometimes only (a, /), 
the numerical data associated to p and v. 

4. Set-up 

4.1. Two-component curves. Let C be a nodal curve with only two irreducible components, 
denoted X and Y . Let A := X P[Y and 5 := \A\. To avoid exceptional cases, we shall 
assume that 5 > 1 or gxgv > 0. (If also the irreducible singularities of C are nodes, then we 
are assuming that C is semi-stable.) 

For each p E A, let Xp and yp denote the points of X and Y lying over p. Let gx and gy 
be the arithmetic genera of X and Y. Then the arithmetic genus of C is given by 

9 ^ 9x + gy + S - 1. 

Let Ux and Uy be the duahzing sheaves of X and Y, and 6J that of C. Let 

L :=a;x((l + ^y) J^Xp) and M := a;y((l + ^x) J] ^f)- 

Let := GrasSc,(i7°(L)) and Gy := GrasSg(iJ°(M)) denote the Grassmannians of g- 

dimensional vector subspaces of H^{h) and H^(M). Set G := Gx x Gy. 

For each p E Q^, let {ai^,Pn,Ii^) be the numerical data associated with p and gy, and 

(/3/i, c^, J/J,) the numerical data associated with p and gx', see Definition 3.2. Set cr^ p — c'^- 
Note that Pij,,cr^ E Za if G ZJ. In this case, let 7^ := cn^^pPp for (any) p E 1^ and 
•= P^,pl^p for (any) p E J^. If g^y > then 7^ > by Lemma 3.1. Analogously, \i gx > ^ 

then > 0. 

If 9xgY > let t G Z+ be such that tp E %\ and define 5^ := 74^/ gcd(7t^, e^^) and 
i^p. '■= ^tfj./ gcd(7t^, etfj,). Note that 5^ and do not depend on the choice of t. In addition, 
ifpE IpHJ/^ then 5^ = gcd(a^,p, /3^,p) and pp = j3^^p/ gcd(a^,p, /5/,,p). 

4.2. Semi-stable reduction. Preserve 4.1. Fix p E Zj. Abbreviate a^, Pp, 1^, cr^, J^, 
7/i> 5^ and by a, p, /, cr, J, 7, e, a and Let 

'Lx := ^x(EpgA(l + 

^Mx := Wx(Ep6j2^P - Ep6A /^p2;p). 

By Lemma 3.1, ap > for every p E A. In addition, ap < gy for every p e A. Indeed, if 
gy — then a — 0. Now, if gfy > then ap > for every p E I; hence ap < gy for every 
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p e A because \a\ < gy + Likewise, < Pp < gx for every p e A. So we may (and 
eventually will) view Lx and My as subsheaves of L and M, respectively. 

Denote by C the curve obtained from C by splitting its branches at each p e A and 
connecting them by a chain, 

Zp :— Zp^i U • • • U 

of //p — 1 rational, smooth curves Zpj, as depicted in Figures 1 and 2. By convention, the 




Figure 2. The curve C. 



leftmost curve in each chain Zp is Zp^i and the rightmost is Zp^^^_i. In addition, set Zp^ := X 
and Zp^^j^^ := Y for each p G A. For each p G A and each j = 0, . . . let Zpj be the 

point of Zpj n Zpj^i, as depicted in Figure 1. So Zp^ = Xp and 2;p,/ip-i = Up for every p G A. 
li /Ip — 1 for a certain p G A, then Zp is empty; in other words, the branches of C at p are 
not split in C. 

Let u denote the dualizing sheaf of C. As observed in 2.7, U is the pull-back of 6J to (7 

and OJ is the push-forward of u to C. 

For each p G A, each j = 1, . . . , Hp — 1 and each m G Z, define the formal sums: 

Z^"*) := mZp,i + 2mZp,2 H K (a«p - l)"^^p,Mp-i, 

-^i""^ := {/J-p - l)mZp^i + (//p - 2)mZp^2 H h mZp,^^_i, 

^(mj) + Zp,^^, + 2Zp,,+2 + • • • + (/Xp - 1 - 

Zijn,j) ,^ Z^rn) ^ Zp^^_^ + 2Zp,,_2 + " " " + (j - l)^p,l. 

Set Zt^^^^^ := Zi"^) and Z^"^'") Z^"^^. 

4.3. General-position conditions. We shall eventually assume general-position conditions 
on effective divisors D of C supported in A. Typically, if 4.1 is preserved we shall consider 
both of the following two conditions: 

(4.3.1a) hP{uJx{-D)) = if D is effective, degD = gx and Supp(L') C {xp\ p G A}, 
(4.3.1b) h^{uJY{-D)) = if D is effective, degL> = gy and Supp(L') C {yp\ p g A}, 
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whereas if also 4.2 is preserved we shall consider one or both of the following conditions: 
(4.3.2a) h^{LY{-D)) = if degD = + |/| - |a| and < D < Y^paiVv^ 

(4.3.2b) h\Mx{-D)) = if degD = + \J\ - and < D < Epej^P- 

If Conditions (4.3.1) hold, so do Conditions (4.3.2). 

5. Degeneration 

Lemma 5.1. Preserve 4.1-2. Let tt be a regular smoothing of C and UJ^ the dualizing sheaf 
ofTT. Put 

£:=a;5f(^Z(--''-) + 7F). 
// (4.3.2a) holds, so do the following five assertions. 



y) >0, 

Y{-J2peiyp)) = 0' 

Zp{-Xp - Up)) = for every p e A, 

Zp{-Xp)) = h°{C\zp{-yp)) = for every pel. 



(5.1.1a) h%C\ 

(5.1.1b) h\C\ 

(5.1.1c) h^{C\ 

(5.1. Id) h%C\ 

(5.1.1e) h%C\ 

Proof. Note first that 

(5.1.2) C\x = Lx and £|y ^ Ly, 

where the second isomorphism holds because of (3.1.1a,d). Now, for each p e A and each 
j — 1, /ip — 1, let UJZpj denote the dualizing sheaf of Zpj. Then 

{i^Zpj ((1 + ap)zp,j + (1 - ap)zp,j-i) if j < Pp, 
^z^,,- ((2 + ap)zpj + (1 - ap)zpj_i) if j = Pp, 
^ZpjiC^ + ap)zpj - apZpj^i) if j > Pp. 

Since Zpj is smooth and rational, UJZp^ = Ozpji—^). So, 



(5.1.3) 



Czj,,, if p G / or Pp> 
Ozp,,{l) Hp ^ I and J = Pp. 

Equations (5.1.1d-c) follow immediately. 

Since a > by Lemma 3.1, it follows from (5.1.2) that 

(5.1.4) h%C\x)=gx + \a\ + 6-l. 

In addition, since |a| > gy by (3.1.1c), Equation (5.1.1b) follows from (4.3.2a). 

By Lemma 3.1, if there is p E I such that ap = 0, then a = 0, and hence gy = 0. 
Conversely, if g'y = then a — 0. So, since \a\ < gy + \I\ by (3.1.1c), by (5.1.2) and (4.3.2a), 



(5.1.5) h'ijC\y) 

In any case, we get (5.1.1a). 



gy + |/| - \a\ if gy > 0, 
6-1 if 5r = 0. 
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Since a >0, with equality only if gy — 0, by (5.1.2) and Riemann-Roch, 

(5.1.6) h'iCU-Epei^p))- 
Putting together (5.1.5) and (5.1.6) we get (5.1.1c). □ 



gx + |q!| — |/| + 5 — 1 if gy > 0, 
9x if gy = 0. 



Theorem 5.2. Preserve 4.1-2. Let n be a regular smoothing ofC andn the induced smooth- 
ing of C . Let UJ^ be the dualizing sheaf of n. Set 

(5.2.1) £:=a;5f(^zi"-^-) + 7y), 

pGA 

(5.2.2) M :=a;5f(^ ^''^-^ + eX). 

peA 

Let Vx and Vy denote the images of the restriction maps, 

Tx: H\C\q) ^ H\C\x) and ry. H\M\c) ^ H^{M\y). 

Then the following three statements hold. 

1. If (4.3.2a) holds, then C is the canonical sheaf of tt with focus on X, the map tx is 
injective, {Vx,jO.\x) is the limit canonical aspect of if with focus on X, the point Xp is 
not a base point of the aspect for any p e A, 

codim(Vx, H\C\x))^\a\-gy and Vx 2 H^jClxi-^pei ^p))- 

2. If (4.3.2b) holds, then M. is the canonical sheaf o/tt with focus on Y, the map Ty is 
injective, {Vy,Ai\y) is the limit canonical aspect ofn with focus on Y, the point i/p is 
not a base point of the aspect for any p e A, 

codim{Vy,H\M\y))^\f3\-gx and W 2 //°(M|y(- EpejZ/p))- 

3. //(4.3.2a-b) hold, then the limit Weierstrass scheme W of tt satisfies 

[W] ^Rx + RY + J2gig-l-ap- Pp)p, 

peA 

where Rx and Ry are the ramification divisors of (Vx, C\x) and {Vy,J^\y). 

Proof. Let's prove Statement 1. Since (4.3.2a) holds, Lemma 5.1 applies. Let L := C\^. 
Let's check first that tx is injective. In fact, let s e H^{L) such that s\x = 0. Then 
s\zp G H^{L\zp{—Xp)) for every peA. So s\zp = for every p e / by (5.1.1e), and hence 
s\y e H\L\y{- Y^peiVp))- By (5.1.1b), s\y = as well. So s\z, e H\L\z,{-Xp - Vp)), and 
thus s\zp — for every p G A by (5.1. Id). Hence s = 0. So tx is injective. 

Let's prove now that C is the canonical sheaf of tt with focus on X. We must check that 
Conditions 1 and 2 of Theorem 2.2 are verified. Condition 1 holds because tx is injective. 

Let's check Condition 2. The hmit canonical system of tt associated to C has (affine) rank 
g. Hence, to show that Condition 2 holds it is enough to prove that the kernel Ne of the 
restriction map II^{L) H^[L\e) has dimension strictly less than g for every irreducible 
component E oi C other than X. We divide the proof in three steps. 
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Step 1: We show that dimAV < g- In fact, if s e Ny then s\zp £ H^{L\zj,{—yp)) for each 
p e A. So = for each p e 7 by (S.l.le), and hence s\x £ H^mx{—Ylipei^p))- 
s\x — then s\zp — for every p e A by (5.1. Id), and hence s = 0. So, 

(5.2.3) dimTV^ < h\L\x{-T.pei^p))- 

Thus dimA^y < ^ by (5.1.1a) and (5.1.1c). 

Step 2: Let p G A and j G Z with < j < fip such that cither p E I or pp < j < fip. 
We show that dim Nz^,^ < g. In fact, if s G Nz^^^ then s|y G i/°(L|y(-|/p)) by (5.1.3). 
By (S.l.le), if s|y = then s\zq = for every q & I, and thus s\x G -f7''(L|x(— ^gg/a;^)). If 
s\x = as well, then s = by (5.1. Id). So, 

dunNz,,,<h\L\Y{-yp)) + h%L\x{-E,eiX,))- 

Since £|y = Ly, it follows from (4.3.2a) that /i°(L|y(-|/p)) = /i°(L|y) - 1. By (S.l.le), 
dim Nzp J < g. 

Step 3: Let p G A — 7 and j G Z such that Q < j < pp. We show that dimA^^^^. < g^. In 
fact, if s G Nzpj then s|x G H'^{L\x{—Xp)) by (5.1.3). If s|y = 0, then s\zq — for every 
g G 7 by (S.l.le), and thus s\x G H^{L\x{—Xp — J^qei^i))- = as well, then s — 

by (S.l.ld). So, 

(5.2.4) dimiV;,^,^, < h'iL\y) + /i°(LU(-x, - E.e/^.))- 

By Lemma 3.1, a > 0, with equality only if 7 = A. So a 7^ because p G A — 7. Since 

C\x — Lx, we have 

(5.2.5) h'^iLlxi-Xp - E,e/^.)) = h'{L\x{- E,ei^i)) ' ^■ 

So dim Nz^^j < 5- by (S.l.le) and (5.2.4-5). 

Condition 2 is checked. So C is the canonical sheaf of tt with focus on X. 

Let's prove now that {Vx, L\x) is the limit canonical aspect of tt with focus on X. Since 
the aspect has rank g, it is enough to show that /i°(7v) < g. By definition of Ny, we have 
h%L) < dim Ny + /i°(7.|y). Hence, 

h'{L)<h'{L\x{-T.pei^p)) + h'{L\Y) 

by (5.2.3). So h^{L) < g' by (S.l.le). So {Vx,L\x) is the limit canonical aspect of tt with 
focus on X. 

Consider the remaining assertions in Statement 1. Let's check first that 

(5.2.6) Vx^H^Llxi-Epei^p))- 

In fact, if s G Ny then s\zp = for every p G 7 by (S.l.le). Therefore, 

(5.2.7) rx(iVy) C H%L\x{-Zpei ^p))- 

Now, since h^{L) = g, from the definition of Ny we get dimA^y > g — /i''(L|y), and hence 
dimiVy > h°iL\x{-J2pei^p)) W (5.1.1c). So equality holds in (5.2.7), and thus (5.2.6) 
follows. 

Let's check now that Xp is not a base point of {Vx,L\x) for any p G A. In fact, if 
there were p E I such that Vx ^ 77°(L|x(— ajp)), then the restriction H^{L) H'^{L\zp) 
would be zero by (S.l.le), thus contradicting Condition 2 of Theorem 2.2. In addition, if 
Vx Q H'^{L\x{—Xp)) for a certain p G A — 7, then 

h'{L\x{- E,e/^.)) = h'{L\x{-Xp - E,e/^.)) 
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by (5.2.6), thus contradicting (5.2.5). So, no point of {xp\ p G A} is a base point of {Vx, L\x)- 
Finally, codim(Vx, -?/°(-L|x)) = — gv because dimVx = g, and because of (5.1.4). The 
proof of Statement 1 is complete. Statement 2 follows by analogy. 

Let's prove now Statement 3. By Statements 1 and 2, the sheaves C and Ai are the 
canonical sheaves and (Vx,£|x) and {Vy,M\y) are the limit canonical aspects of tt with 
foci on X and Y, respectively. By (5.2.1), for each p G A the correction number for C at Xp 
is ttp. By (5.2.2), for each p G A the correction number for Ai at i/p is /5p. Then Statement 3 
follows from Theorem 2.8. □ 



Remark 5.3. Keep the set-up of Theorem 5.2. Let Lc be the push-forward to C of £|g 
and Mq that of It follows from (5.1.3) that the sheaf Lc is torsion-free of generic rank 

1, and fails to be invertible precisely along A — I. Likewise, Mc is torsion-free of generic 
rank 1, and fails to be invertible precisely along A — J. 



6. Enriched structures 

6.1. Deformation theory. Let C be a nodal curve defined over a field k. Since C is one- 
dimensional, generically smooth, and a local complete intersection, Ext^(fi^, O^^) = by 
DM| , Lemma 1.3, p. 79]. By [^, there exists a versal formal deformation V of C over the 



base scheme 

M := Spec(fc[[ti, . . . , te]]), where e := dim^ ExtJ;(f2^, Oc)- 

Since C is a curve, H'^{C, Oc) = 0. By |S[, the formal scheme V is the formal completion of 
a scheme V projective and flat over M. 

Let p be a node of C. So Oc,p = k[[u,v]]/ (uv). The versal formal deformation of Oc,p 
is a complete, local /i:[[t]] -algebra O such that O/tO = Oc,p- More precisely, there is an 
isomorphism of -algebras, 

k[[t,u,v]]/{uv -t). 

Let pi, . . . ,ps denote the nodes of C. For i = 1, . . . , 5, let Oi denote the versal formal 
deformation of Oc,pi over k[[t]]. Since global deformations induce local ones, there is a map 
(pi : k[[t]] k[[ti, . . . , te]] such that 



Ov,p^ = O, ®k[[t]] A;[[ti,..., tell- 
Since C is a curve, by ||DM| , Prop. 1.5, p. 81], the tensor-product map, 

(pi® ■ ■ ■ ® (ps: k[[ti, . . .,ts]] — > k[[ti, . . . ,te]], 

is formally smooth. Up to changing variables, we may assume that (pi ® ■ ■ ■ ® (ps is the 
inclusion map. Thus, there is an isomorphism of . . . , te]]^algebras, 

^V,p^ = k[[ti, . . . ,te,Ui,Vi]]/{UiVi - ti), 

for z = 1, . . . , 5. 



Definition 6.2. Let T be a set and A G Zx. A subset P of T is called X-balanced if A^; = Xp 
for all E,F E P. If P is A-balanced, set Ap := Ag for (any) E E P. 
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6.3. Certain fractional ideals. Let C be a nodal curve defined over a field k. Let T denote 
the set of irreducible components of C. For each P C T set 

Cp := y E. 

EeP 

We say that Cp is a subcurve of C. Let C denote the disjoint union of the irreducible 
components of C. 

For each pair {E, F) of distinct irreducible components of C let Ae,f denote the reduced 
Weil divisor with support EnF. We shall view A.e,f as a Cartier divisor on every subcurve 
of C or C containing either E or F but not both. 

For each A e Zx and each P C T define 

^A,p := ^ ^(Af - Xe)Ae,f and Nx,p := Oq^{Dx,p). 
EeP F^p 

If P is a partition of T, let Cp be the disjoint union of the subcurves Cp for PeP, and set 

PeP 

Let T be the total partition of T. Then Ct = C. For each A e Zx set Nx :— Nx,t- Then, 
for each partition P of T in A-balanced subsets, there is a natural injection Nx,w ^ Nx 
satisfying Nx,vO-q — Nx- 
Note that ' 

for all £±,£2 e Z and all Ai, A2 G Zx- So, E := {Nx \ A e Zx} is a subgroup of the group U 
of invertible sheaves of fractional ideals of C. 

6.4. Enriched structures. Preserve 6.3. Let tt : S* ^ P be a regular smoothing of C. Let 
t be a parameter of B at its special point. For each A G Zx define A/a := C)g{^^^y XeE). 
Then, for each A-balanced subset P C T define px,p as the composition 

Px,p:J^x Os{J:eM^e-Xp)E) . Nx,P, 

where the second map is the natural surjection. 

For each A e Zx and each partition P of T in A-balanced subsets let 

Pa,p ^P\,p\c- ^>\c — ^ ^A,p- 
PeP 

Let A^A,p be the image of px,v- Since each px,p is surjective, pa,p is an isomorphism onto A^a,p 
and Nx;pOq^ = Nx^p. Note that A^a,p does not depend on the choice of t. 

For each A G Zx set Nx := A^a,t- Then, for each partition P of T in A-balanced subsets, 
Pa,t factors as Pa,p followed by the natural injection A^a,t Nx. So A^a,p = -^a- 

Let U denote the group of invertible sheaves of fractional ideals of C. Let 

E^f := {AT;, I A e Zx} C U. 



LIMIT CANONICAL SYSTEMS ON CURVES WITH TWO COMPONENTS 



19 



Note that N^^Xi+i^M = ^aI^S ^i'^2 e Z and all Ai, A2 G Zx- So E^? is the image of 

the group homomorphism, 

e^f : Zx — U, defined by A 1— > A^^- 
We say that e^f is the enriched structure on C given by It. 

Theorem 6.5. Preserve 6.3. For each m = 1, . . . ,d, let Am G Zt and let Nm be an invertible 
OQ-submodule of Nx^ satisfying N^O-^ — N\^. For each £ e Z'' set r^^^ := X^^=i^iAj. // 

(6.5.1) {Ni- ■ ■ ■ N'/)Oeuf = N,ie,,iE,F} 

for each £ e Z'' and all distinct E,F E T such that — rp\ then there exists a regular 
smoothing tt of C whose enriched structure e^f satisfies 

Nm = e^f (A^) /or m = 1, . . . , d. 

Proof. Let Pi, . . . ,Ps denote the reducible nodes of C. Let V/M be the versal formal defor- 
mation of C. Then M — Spec(i?), where 

R := k[[ti, . ..,ts,si,. . .,Se]] 

for a certain integer e. In addition, we may assume that there is an isomorphism of R- 
algebras, 

(6.5.2) dv,p^ = R[[uh: Vh]]/iuhVh - th), 

for each h = 1, . . . ,S, where Uh and Vh are the local equations of the branches of C meeting 
at ph] see 6.1. 

For each h — 1, ... ,5 choose ah e k*. Consider the surjection (f): R ^ k[[t]], sending each 
th to ttht and each Sj to t. Let B Spec(A;[[t]]) and set S :—V Xm B, where B is viewed as 
a closed subscheme of M by means of 0. Since all are non-zero, the surface S is regular. 
So S/B is a regular smoothing of C. In addition, the isomorphism (6.5.2) restricts to an 
isomorphism of A;[[t]] -algebras, 

Os,ph - k[[t,Uh,Vh]]/{uhVh - ttht), 

for each h = 1, . . . ,d. 

Recall the notation in 6.4. We need to show that we may choose ai, . . . ,as E k* such that 
Nxrn — Nm for m = 1, . . . , d. Fix h E {1, . . . ,6} and m e {1, . . . , d}. For convenience, put 

P-^Ph: u:^Uh, V.^Vh. 

Let E,F eT such that p E EnF. Suppose that u is the local equation of £■ at p and v that 
of F. The completion N'x^^p of A/a^ at p is generated by (l/w)'^'"'^(l/i>)'^"''^. In addition, 

PA„,m((l/M)'-"(l/t')'"'") =(l/M)"--(t/t;)^-^ = (1K)"-^(1/m)-t, 
where 7 := Xm,F — Xm,E- For each b E k* let 

A- {i/vydE,p®u'^dt:p-^k 

be the map defined by sending {f(\/v)^,gu^) to f{p) — bg{p). Then Nx^^p = Ker(-?/'a7). In 
addition, since Nm is an invertible O^-submodule of Nx^ such that NmO-Q = Nx^, there 
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is bm e k* such that Nm,p = Ker^iph^). We claim that we may choose ah G k* such that 
a1 = bm, and hence A^a„,p = Mn,p- In fact, there's clearly ah G k* such that = 6^ if 7 7^ 0. 
On the other hand, if 7 = then Nm,p = C^cp Condition (6.5.1), and hence 6 = 1. So 
any choice of ah G k* yields aj^ = bm- 

Now, let m vary in {1, . . . ,d} and pick bm G fc* for each m as in the above paragraph. By 
Condition (6.5.1), b^^ ■ ■ ■ b^^ = 1 for every £ G such that r^^^ = Tp\ It follows that there 

is ah G A;* such that bm = cth"^'^ '^'"'^ for every m. Then A^a„,p = Nm,p for each m = 1, . . . ,d. 

Finally, let h vary in {1, . . . , 5} and pick ah G k* for each /i as in the above paragraph. 
Now, for each m = 1, . . . ,d the sheaves of fractional ideals Nm and Nx^ coincide away from 
the reducible nodes of C because 

NmOc = Nx^ = N,^Oc. 

As we proved that N\^^p = Nm,p for each reducible node p of C and each m = 1, . . . , we 
get A^A„ = for m = 1, . . . , c?. □ 



Corollary 6.6. Preserve 6.3. Let A G Zx and let P he the partition of T in maximal A- 
balanced subsets. Let N be an invertible sheaf of C . Then there is a regular smoothing 
TT : S ^ B of C such that 

if and only if N\^^ = A^a.p for every P G P. 

Proof. The "only if" assertion is clear; see 6.4. Let's prove now the "if" assertion. Since 
A^l^^ = A^A,p for every P G P, we may assume that is an invertible O^j-submodule of 

A^A,p satisfying NO-^^ = A^a,p- To finish the proof we apply Theorem 6.5 with d = 1, with 
Ai = A and A^i = A^. So we check that the conditions for Theorem 6.5 hold. First, since 
NO-(j^ = A^A,p, we have NOq = N\ as well. Second, since d = 1, we need only verify 
Condition (6.5.1) for ii = 1. Now, if i?, P G T are such that Xe = Af, then there is 
P G P such that E,F e P. Since NO^^ = A'a,p, we have NOeuf = Nx,{e,f} as well. So 
Condition (6.5.1) is verified. By Theorem 6.5, there is a regular smoothing tt: S ^ B oi C 
such that N ^ 0§{J2egt^eE)\c. □ 



Remark 6.7. Preserve 6.3 and 6.4. Maino calls an enriched structure the canonical gen- 
erators of the image of e^, and view them abstractly, without the additional structure of 
sheaves of fractional ideals. In [0, Prop. 3.16] she gives an intrinsic characterization of the 
enriched structures a nodal curve can have. The proof of Theorem 6.5 was inspired by the 
proof given to 0, Prop. 3.16]. In Maino constructs and studies the moduli of stable 
curves with enriched structures. 



7. Regeneration, I 

Theorem 7.1. Preserve A. 1-2. Let L and M be invertible sheaves on C . Then the following 
three statements hold. 



LIMIT CANONICAL SYSTEMS ON CURVES WITH TWO COMPONENTS 



21 



1. //(4.3.2a) holds and gy > 0, then L is the restriction of the canonical sheaf with focus 
on X of some regular smoothing of C if and only if 



(7.1.1) 



\X — J^Xi j^\y — 




(7.1.2) M\x = Mx, M\y ^ My, M\z. 



ifp el or i ^ pp, 
ifp ^ I and] = Pp. 

2. // (4.3.2b) holds and gx > 0, then M is the restriction of the canonical sheaf with focus 
on Y of some regular smoothing of C if and only if 

Ozpj ifp^J orj^ap, 
Ozpj (1) ifp ^ J and j = a^. 

3. If (4.3.2a-b) hold and gxQr > 0, then L and M are the restrictions of the canonical 
sheaves with foci on X and Y , respectively, of some regular smoothing of C if and only 

(7.1.1-2) hold and {L®~^ ® M®^)\q^^^ ^ ^/nj, where 

C,nj := ^ U y U ( U Zp) C C 
peinj 

and 

(7.1.3) Kinj := ^|^|"^^^( J] (^^p - ^(3p)(xp -yp) -a'^Xp- p^yp). 

p0nJ p^J p^i 

Proof. Let T be the set of irreducible components of C. Let A, e Z-f such that 

(7.1.4) zf^'P^^ + = ^ \j^E and zf^''^^^ + = ^ v^E. 
peA EeT peA EeT 

Let's prove Statement 1. Consider first the "only if" assertion. Let tt be a regular smooth- 
ing of C and C := UJ^i^p^A ■^p"'"'''''* + 1^), where is the dualizing sheaf of n. By The- 
orem 5.2, C is the canonical sheaf with focus on X. If L = C\q, then (7.1.1) holds by 
(5.1.2-3). 

Consider now the "if" assertion. Preserve 6.3. Let P denote the partition of T in maximal 
A-balanced subsets. Since g'y > 0, by Lemma 3.1, ap > for every pel. Hence 7 > 
as well. So Ax 7^ Ay, and hence Cp is treelike for every P e P. Let N := L(g) w"^. Since 
(7.1.1) holds and Cp is treelike, N\^^ = A^a,p for every P G P. By Corollary 6.6, there is a 

regular smoothing tt: S ^ B of C such that = A/'|g, where Af := (^^(X^EeT ^eE). Let 
OJ^ be the dualizing sheaf of tt. Since (7.1.4) holds, by Theorem 5.2 the canonical sheaf C of 
TT with focus on X satisfies U)^®M. L = C\q. The proof of Statement 1 is complete. 
Statement 2 follows by analogy. 

Let's prove Statement 3. For each pair (£, m) e Z X Z let r(^'™) := £A + mv. Then 
^(^,m) _ j£ g^j^j Qj^iy j£ g '^{(3, a). In addition, using that 

7 = p-pioip -|- 1) — Pp and e = //p/?p + Cp for every p e A, 
it follows from (7.1.4) that 

(7.1.5) ^f""^ - ^^d&TT^^ + ^ + E E + ^1 + ^2 + i^3, 
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where 

Di= ^ (5e + J3ap - ai3p)Zp^i + ^ {P'y + app - l3ap)Zp^^^_i, 
peJ\i pei\J 

D2 = ^(5e + Pap - a{(3p + + + app - p{ap + l))Zp^^^_x, 

and where D3 is a formal sum with integer coefficients of the rational curves Zp^j with 
p ^ I r\ J and 1 < j < Hp — 1. 

Consider first the "only if" assertion of Statement 3. Let tt be a regular smoothing of C, 
and UJ^ its dualizing sheaf. By Theorem 5.2, the canonical sheaves £ and A4 oin with foci 
on X and Y, respectively, are given by (5.2.1-2). By (7.1.4), 

So, it follows from (7.1.5) that C^^ M^%^^^ = K^j. 

Consider now the "if" assertion. Let L :— L®U)~^ and M :— M ®ur^. "V^ shall use the 
set-up of 6.3. Let L := A'";^ and M := N,^. By (7.1.1-2), we may view L and M as invcrtible 

(9g-submodules of L and M such that LO-^ = L and MO-q = M. Multiplication by c G fc^ 
gives automorphisms of L and M; let Lc and Mc denote the images of L and M under these 
automorphisms. It's clear that L^O-q = L and MJD-q = M. For each c e A;^, each p e A 
and each j = 0, . . . , /Xp let Cpj := cz^ .. 

We'll choose c, d e A;^ such that Lc and satisfy Condition (6.5.1) of Theorem 6.5. In 
other words, we'll pick c, d e /c^ such that 

(7.1.6) L[MXOevf = iV,(A™),{i5,i.} 

for all (£, m) G Z x Z and all distinct E,F ^ T such that r^^'™-* = Tp'"^\ 

In fact, wc need only obtain (7.1.6) for E and F that intersect, that is, for E and F such 
that {£", F} = {Zpj-i, Zpj} for some p G A and some j — 1, . . . , /ip. In addition, we need 
only obtain (7.1.6) for {i,m) in a Z-basis of 

He^p := {(^, m) G Z X Z I rf "^^ = 4'""^}. 

Let iJpj := Hzpj_j^^Zpj ^or each p G A and each j = 1, . . . , ^p. Choose a Z-basis Bpj of ifpj 
for each p G A and each j = 1, . . . , Hp. Note that Hpj = Z x Z if and only if ojp = /3p = 
and (Jp < j < pp\ in this case let Bp^j := {(1, 0), (0, 1)}. In all other cases, Hp^j has rank 1. 
If p G / n J then {(3, a) is a basis of Hp j for every j; in this case let Bp^ :— {(/3, 5)}. 

Consider distinct E,F E T with non-empty intersection. Then either EU F is treelike or 
{E, F} = {X, Y} and there are distinct p, g G A such that Hp = = ^- In either case there 
is an isomorphism between L^M"^Oeup and N^(t,m) s^p p^ for each (£, m) G Hp p. In fact, such 
an isomorphism exists in the former case because both sheaves have the same restriction to 
E and to F; and in the latter case because Hx,y = Z(/3, a) and L®^®M®°'\xiiY = -^/nj|xuy- 
So, for each (£, m) G He,f there is a unique e^'^^ G k* such that 

L'M'^Oeuf = (l,egyVr(^,".),{^;,F} 
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as subsheaves of N^(e,m)^E © N^{e,m)^p. Let Cp'^^ := ezp'-\zpj ^'^^ p G A and each 
j = l,...,fip. Since L®^ ® ^®"b/n7 - ^^nj, it follows that 

(7.1.7) effeff • • • eg;^) = eg" ^e^f ^ • • • e^Jf for all p, , e 7 n J. 

Therefore, finding c, c? G /c^ such that (7.1.6) holds for all (£, m) e Z x Z and all distinct 
E,F eT with T^^'"*^ = Tp'"^^ is equivalent to finding c,d E such that, for each p G A, 

(7.1.8) Cpj_id^^_i = Gp'P^Cpjd^j for each j = 1, . . . , Hp and each (£, m) G -Bpj. 

Set Cjf := 1 and := 1- ForpG /Pi J choose Cpj, dpj G fc* inductively for j = 1, . . . , /ip — l 
such that 

By (7.1.7), we may choose cy, G /c* such that 

for every p E I nJ. If / fl J = 0, set cy := 1 and dy := 1. Then (7.1.8) is achieved for every 
p G / n J. 

If p G A — (J n J) is such that ap — (3p — Q and Up < Pp, then choose Cpj inductively for 
j = 1, . . . , Pp such that 

(i>o) _ 

and choose dpj inductively for j = //p — 1, . . . , Up such that 

, _ (0,1) 7 

In addition, set Cpj := 1 for j = pp + 1, . . . , /Xp — 1 and dpj := 1 for j = 1, . . . , Up — 1. Then 

(7.1.8) is achieved. 

Let p G A — (7 n J) such that either ctp 7^ or /3p 7^ or (jp > pp. Then Hp^j has rank 1 
for every j — l,...,pp. By (7.1.5), r^'"^ = ry^'"^ Now, since a and /3 are positive and 
p ^ 7 n J, it follows from (7.1.5) as well that either 4jf ^ 7^ rf '"^ or 7^ '"^ So, 

there is /ip G {1, . . . , /ip — 1} such that 

(7.1.9) 77p,,^n77p,,^+i = 0. 

For j — 1, . . . , hp — 1 choose Cpj, dpj G k* inductively such that 

^pT^4,/pJ = ij-i^Z-i ^^^^^ (^'"^) ^ ^P'r 
For j' = //p — 1, . . . , /ip + 1 choose Cpj, o?pj G /c* inductively such that 

Now, let (£_,m_) G 7?p,/ip and (£+,m+) G Bp^^^^i. By (7.1.9), (£_,m_) and (£+,m+) are 
Z-independent. So, we may choose Cp^/j^, dp^h^ G A;* such that 

(€_,m_) £_ ,m_ _ £_ ,m_ , £+ ,ni+ _ (£+,m+) £+ ,m+ 

^p,hp '^p,hp'^p,hp — ^p,hp-l%,hp-l "^^^^ ^p,hp%,hp ~ "^p./ip+l S,/ip+l"p,/ip+l- 

Then (7.1.8) is achieved. 
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So, we obtained c,d e such that (7.1.6) holds for all (£, m) e Z x Z and all distinct 
E,F eT such that r^''^^ — rp'^\ By Theorem 6.5 there is a regular smoothing n: S ^ B 
of C such that 

Lc^Os{Y,\eE)\^ and ^ OgiY, ueE)\q. 
Eer EeT 

Since Lc = L(g)a;-^ and = M(8)a;"^ it follows from (7.1.4) and Theorem 5.2 that L and 
M are the restrictions of the canonical sheaves of tt with foci on X and Y, respectively. □ 

8. Regeneration, II 

Definition 8.1. Preserve 4.1-2. Let V C H^[Lx) and W C H^^My) be vector subspaces. 

Suppose (4.3.2a) holds. Then V is called ji-smoothable if (F, L^) is the limit canonical 
aspect with focus on X of a regular smoothing of C. Let V^,x Q be the subset of 
/x-smoothablc subspaces. 

Suppose (4.3.2b) holds. Then W is called fi-smoothable if [W, My) is the limit canonical 
aspect with focus on F of a regular smoothing of C. Let V^^^y C Gy be the subset of 
/x-smoothable subspaces. 

Suppose (4.3.2a-b) hold. Then the pair (V, W) is called ji-smoothahle if (V, Lx) and 
{W, My) are the limit canonical aspects with foci on X and Y of the same regular smoothing 
of C. Let C V^^x X be the subset of /i-smoothable pairs. 

Theorem 8.2. Preserve 4.1-2. For each F C A let Cp be the blow-up of C along A — F. 
Lei V C H^{Lx) and W C H^[My) be vector subspaces. Then the following three statements 
hold. 

1. If (4.3.2a) holds and gy > 0, then V G V^,x if Oi^d only if there is an invertible sheaf L 
on Cj such that L\x = Lx and L\y = Ly and such that V is the image of the restriction 
map H^{L) H\Lx). 

2. //(4.3.2b) holds and gx > 0, then W e V^^^y if and only if there is an invertible sheaf 
M on Cj such that M\x = Mx and M|y = My and such that W is the image of the 
restriction map H^{M) H^{My). 

3. If (4.3.2a-b) hold and gxgv > 0, then {V, W) G if and only if there are an invertible 
sheaf L on Ci as in Statement 1 and an invertible sheaf M on Cj as in Statement 2 
such that their pull-backs Lmj and Mmj to Cmj satisfy 

(8.2.1) LZ^Mf^^j^Kjnj, 
where 

(8.2.2) Kjnj := Ujf^T~^\ Yl ^^^p ' - - 5 - ^ J]|/p), 

where UJinj is the pull-back to Cjaj of the dualizing sheaf CJ of C . 

Proof. Let t/^ : C — > C be the map contracting the subcurve Zp for every p G A. For each 
F C A let : — > C be the blow-up map, 

CF:=XUYU{[j^^pZp)<ZC, 
and let %1)f'- Cp —>■ Cp be the map contracting the subcurve Zp for every p & F. 
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Let's prove Statement 1. First, let tt be a regular smoothing of C such that {V, Lx) is the 
limit canonical aspect of tt with focus on X. Let L be the restriction to C of the canonical 
sheaf of tt with focus on X. By Proposition 7.1, 

(8.2.3a) L\x ^ Lx, L\y = Ly, 

if p G / or j ^ Pp, 



(8.2.3b) 




if p ^ I and j = pp. 



By (8.2.3b), the sheaf ipt,L is torsion-free, rank-1, and fails to be invertible precisely along the 
set A — I. Hence there are an invertible sheaf L on Cj and an isomorphism A : ip^L — > (fj^L. 
Restricting A to X and Y, and removing torsion, we obtain isomorphisms L\x L\x and 
L|y — > L|y. So there is a commutative diagram, 

i/0(Z) > H\L) 

(8.2.4) 

H\L\x) ^ H\L\xl 

where the vertical maps are restriction maps, and the horizontal maps are the isomorphisms 
induced by A. In addition, L\x = Lx and L|y = Ly by (8.2.3a). Now, since (8.2.4) is 
commutative, the restriction maps r: H^{L) H^{Lx) and r: H^{L) H^{Lx) have the 
same image. Hence V = Im(r) by Theorem 5.2, because (V, Lx) is the limit canonical aspect 
of TT with focus on X. So V = Im(r). 

Conversely, let L be an invertible sheaf on Cj as in Statement 1. Then </?/*L is torsion-free, 
rank-1, and fails to be invertible precisely along A — 7. As /Xp > 1 for each p e A — 7, there 
arc an invertible sheaf L on C such that (8.2.3b) holds and an isomorphism A: ^i^L. 
As before, A induces isomorphisms L\x = L\x and L|y = L|y. So (8.2.3a) holds. By 
Theorem 7.1, there is a regular smoothing of C whose canonical sheaf with focus on X 
restricts to L on C. As before, V is the image of the restriction map H'^{L) — > H^{Lx)- So 
V is //-smoothable. The proof of Statement 1 is complete. Statement 2 follows by analogy. 

Let's prove Statement 3. First, let tt be a regular smoothing of C such that (V, Lx) and 
{W. My) are the limit canonical aspects of tt with foci on X and Y, respectively. Let L and 
M be the restrictions to C of the canonical sheaves of tt with foci on X and Y, respectively. 
As observed in the proof of Statement 1, there arc invertible sheaves L and M on Cj and 
Cj, respectively, such that ipi^L = tpuL and = ipj*M. In addition, L and M satisfy 

Statements 1 and 2, respectively. 

Since ■^^L = ^pi^L, there is a map %l)*jL — > L\^^. This map is injective because it is injective 

generically on X and Y and because L is invertible. So ■0/-^ and L\q^ are isomorphic be- 
cause they restrict to isomorphic sheaves on the irreducible components of C/. Analogously, 
'0}M = M\q^. Let L/nj and M/nj be the pull-backs of L and M to C/nj- Let TT/nJ be 
given by (7.1.3). Since (L®^ M®")|g^^^ ^ X/nj by Theorem 7.1, we have 

(8.2.5) rmALtj ® Mf^j) = Kj^j- 

Now, since u = ip*UJ, it follows that ^/nj = i^*injKir\j- So (8.2.1) holds. 
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Conversely, let L be an invertible sheaf on C/ and M an invertible sheaf on Cj as in 
Statement 3. As observed in the proof of Statement 1, there are invertible sheaves L and 
M on C such that ■0*-^ — '^i*L and ■0*-^ — <Pj*M, and such that (8.2.3) and (8.2.6) below 
hold. 

(8.2.6a) M\x = Mx, M\y = My, 

(8.2.6b) ^l-~^(^''n, 'I'^j^i*'" 

[Oz^j{l) if p ^ J and J = (Tp. 

Now, since ip^f^jKinj = -f^/nj, it follows from (8.2.1) that (8.2.5) holds. As shown above, 
ijj^L ^ L\q^ and = M|g^. Hence (Z®^ ® M®")|g^^^ ^ X/nj- By Theorem 7.1, there is 

a regular smoothing of C whose canonical sheaves with foci on X and Y restrict to L and M, 
respectively. As shown in the proof of Statement 1, the restriction maps H^{L) H^[Lx) 
and H^{M) H^{My) have images V and W, respectively. So (V, W) is //-smoothable. □ 

8.3. Tori actions. Preserve 4.1-2. Denote by C/nj the blow-up of C along the points of 
A — (7 n J). Fix isomorphisms Cx,p'- Lx{xp) — > k and ^y.^: Lyiyp) — > A; for each p & I, and 
.^x,p: Mx{xp) k and ^y^pi Myivp) — > A; for each p e J. If g'xS'y > and I (1 J choose 
them such that 

{(Cl>eg,C?>®|pe/nJ} 

patch L'f (8) M|" and L®^ ® to the sheaf X/nJ given by (8.2.2). Consider the corre- 
sponding evaluation maps, 

ex: H\Lx) ^ ki, ey. H\Ly) ^ kj, fx: H\Mx) ^ kj, fy. H\My) ^ kj. 

Let V :— Im(ey) and W :— Im(/x). Let hx :— dimV and hy :— diml^. Let 

Gx :— Gra,sShx(ki) and Gy :— Grass/jy (/cj). 

Consider the natural actions of the tori k} and k} on kj and kj, and their respective actions 
on Gx and Gy. Denote by Oy and Ow the orbits of and W under these actions, and by 
ipx : kj — >• Oy and ipy: A;} — > Ow the orbit maps. If gxgr > 0, let 

(8.3.1) T := {(s, i) e A;; X A;} I = if for every p e I dJ}, 

and denote by O the orbit of (V, W) under the induced action of T on Gx x Gy. 

Lemma 8.4. Preserve 4.1-2 and 8.3. T/ien i/ie following three statements hold. 

1. //(4.3.2a) holds and a ^ Q, then ex induces a closed embedding lx: Gx — ^ Gx such 
that tx(Oy) =V^,x- 

2. If (4.3.2b) holds and (3^0, then fy induces a closed embedding iy: Gy — > Gy such 

that Ly{Q)w) = ^tJ.,Y ■ 

3. // (4.3.2a-b) hold, a 7^ and P 7^ 0, then = {cx x ty)(0), where lx and iy are the 
embeddings mentioned in Statements 1 and 2. 

Proof. Let's prove Statement 1. Since a 7^ 0, also gy > 0, and Q!p > for every p e / by 
Lemma 3.1. By Riemann-Roch, h^{Lx) — g + \a\ — gy and ex is surjective. Now, ey is 
injective by (4.3.2a). So h^[Lx) — g = |/| — by (5.1.5). Thus, taking inverse images by ex 
gives us a closed embedding lx : Gx Gx- Since gy > Q and (4.3.2a) holds, the description 
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of given in Theorem 8.2 applies. Comparing this description with that of Oy given 
in 8.3, we get tx(Oy) = V^.x- The proof of Statement 1 is complete. Statement 2 is proved 
analogously. 

Let's prove now Statement 3. Since a and P are non-zero, also gx and gy are non-zero. 
Since (4.3.2a-b) hold as well, the description of given in Theorem 8.2 applies. Comparing 
this description with that of O given in 8.3, we get = {lx x ty)(0). Statement 3 is 
proved. □ 



'0 




if \a 


|7| - 1 




if \a 


< |J| - 1 




if\a 


|7U J| - 


2 


if\a 


J/U J| - 


1 


if\a 



Theorem 8.5. Preserve 4.1-2. Then the following three statements hold. 

1. If (4.3.2a) holds, then is locally closed in Gx (ind isomorphic to a torus. In 
addition, dim V^^x = l-^l ~ 1 if VA > Qvi otherwise, = {H^{.Lx)}- 

2. If (4.3.2b) holds, then V^^y is locally closed in Gy and isomorphic to a torus. In 
addition, dimV^^y = | J| — 1 if \(3\ > gx; otherwise, V^,y = {if°(My)}. 

3. If (4.3.2a-b) hold, then V^u is closed in V^,x x ^h,y and isomorphic to a torus. In 
addition, 

= gy and \(3\ = gx, 

> gy and |/?| = gx, 
= gy and > gx, 

> gy and > gx and I H J — 0, 

> gy and > gx and I H J ^ 0. 

Proof. We shall use the set-up of 8.3. Let's prove Statement 1. Assume first that |a| = gy. 
Then Theorem 5.2 says that {H'^{Lx), Lx) is the hmit canonical aspect with focus on X of 
any regular smoothing of C. Therefore V^^x = {H^{Lx)}. 

Assume now that \a\ > gy. Then a ^ and gy > 0. By (4.3.2a), all the Pliicker 
coordinates of V in Gx are non-zero. In addition, V ^ A;| because \a\ > gy. Since the 
Pliicker coordinates of V are non-zero, ipx{t) = V ii and only if = for all subsets b and 
c of 7 satisfying |&| = |c| — hx- Since hx < \I\, given p,q & I distinct, there is a subset b C I 
with |6| = hx such that p E b but q ^ b. Letting c := b — p + q, we have t'^ = if and only 
if tp = tq. It follows that the orbit map ipx factors through an isomorphism k^/k* Oy, 
where k* is viewed inside k} under the diagonal embedding. So Oy is isomorphic to a torus 
of dimension |/| — 1. 

Since a 7^ 0, Lemma 8.4 says that V^.x is the image of Oy under a closed embedding 
Gx Gx- Thus V^^x is locally closed in Gx and isomorphic to a torus of dimension |7| — 1. 
The proof of Statement 1 is complete. Statement 2 follows by analogy. 

Let's prove Statement 3. If \(3\ = gx then V^, = V^,x x {if°(My)}. If |a| = gy then 
= {H^{Lx)} X V^,y. So Statement 3 follows from Statement 1 in the first case, and from 
Statement 2 in the second case. 

Assume now that \a\ > gy and \f3\ > gx- Then a, j3, gx and gy are non-zero. View k* 
inside k} and k} under the diagonal embeddings. Let T' := T n {k* x k*), where T is given 
by (8.3.1). Since a and P are coprime, T is a subtorus of dimension \I U J| of k} x kj. In 
addition, T' is a one-dimensional subtorus of T unless / fl J = 0, in which case T' — k* xk*. 
Now, O C Oy X Ow and the orbit map ^0 : T — >■ O is the restriction to T of i/jx x i/jy. Since 
ipx and ipy factor through isomorphisms k}/k* Oy and k}/k* —>■ Ow, then ip factors 
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through an isomorphism T /T' — > O. So O is closed in Oy x Qw and isomorphic to a torus. 
In addition, dimO = |/ U J| — 1 unless J fl J = 0, in which case dimO = |/ U J| — 2. 

Since a and j3 are non-zero, Lemma 8.4 says that is the image of O under a closed 
embedding Gx x Gy x Gy that sends Oy x Ow to V^^^x x V^^y. Thus is closed 

in V^^x X V^^y and isomorphic to a torus of the dimension prescribed in Statement 3. □ 

8.6. Extreme cases. If (4.3.2a) holds, then 

V^,x ^{VeGx\VD H^'iLxi-J^^p)) but V ^ H%Lx{x^ - ^ ^ ^} 

in case \a\ — gy + 1, and 

= e Gxl 1^ 2 H\Lx{-Y,^j>)) but y 2 H\Lx{-x,)) for any g e 7} 

in case |a| = (7y + |/| — 1. We prove here the latter case; the former is proved analogously. 

So, suppose |a| = gy + \I\ — 1. If a = then V^^x = {H^{Lx)} by Theorem 8.5, which 
agrees with the above description of in the case at hand. Assume now that a 7^ 0. 
From now on we shall use the set-up of 8.3. By (4.3.2a), all the Pliicker coordinates of V in 
Gx are non-zero. Moreover, hx = I- Then Oy parameterizes all one-dimensional subspaces 
H C ki such that the restriction map H kg is an isomorphism for each q E I. Now, 
Lemma 8.4 says that V^,x is the image of Oy under the closed embedding lx : Gx 
induced by ex- The description of given in the last paragraph follows easily now. 

If (4.3.2b) holds, and either = + l or = gx + \J\ — l, then an analogous description 
holds for V^,y. 

8.7. Projections. Preserve 4.1-2. Using Theorem 8.2 we can describe Y^,x and V^,y in 
terms of central projections. In addition, we can describe V^u C V^,x x "^nX in terms of 
multi-linear algebra. 

In fact, assume (4.3.2a) holds and gy > 0. Then the natural map 0y : F — >■ F{H^{Ly)) is 
defined along {yp \ p E I}, and the image {0y(|/p) \ p E 1} spans P(i7°(Ly)). Now, ap > 
for each p e / by Lemma 3.1. By Riemann-Roch, the natural map (f)x'- ^ ^{H'^iLx)) 
is defined along {xp\p E I}, and the set {<px{xp)\p E 1} spans a projective subspace 
Fx C F{H^{Lx)) of dimension |/| - 1. Let Tx be the set of all linear maps Fx F{H^{Ly)) 
sending (l)x{xp) to (j)y{yp) for each p E I. Then Tx is a torus of dimension |/| — 1. For each 
t E Tx let Pj C Fx be the base locus of t, and let (T4, Lx) be the linear system given by 
projection with center Pj. Then Vt E V^,x and the map Xx-Tx^ ^n,x sending i to is 
an isomorphism. 

Now, assume (4.3.2b) holds and gx > 0. The sheaves Mx and My define natural maps 
ijjx- X ^ F{H%Mx)) and ijjy.Y^ P(i70(My)). As above, ijjy is defined along {yp\pE J}, 
and the projective subspace Py C F{H^{My)) spanned by {ipyi^yp) \ p E J} has dimension 
I J| — 1. In addition, i^bx is defined along {xp \ p E J}, and {ipx{xp) \ p E J} spans F{H^{Mx)). 
Let Ty be the set of all linear maps Py —>■ P(i7°(Mx)) sending ipy{yp) to ipx{xp) for each 
p E J. As above, we define an isomorphism Ay : Ty — > V^^y. 

Finally, assume (4.3.2a-b) hold and gxgv > 0. Note that Px = F{Vx) and Py = F{Vy), 
where 

V V 
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Combining a /3-tuple with an a-tuple embedding, and composing with a Segre map, embed 
Fx X P(//0(Mx)) in and P(i/°(Ly)) x Py in Py, where 

fx := P(Symm^(\/x) ® Symm5(i/°(Mx))), 
Py := P(Symm^(i7°(Ly)) ® Symm5(Vy)). 

Let Cinj be the blow-up of C along A — (/ fl J), and i^^/nj the invertible sheaf on C/nJ 
given by (8.2.2). Let 0: C/nJ — ^ IP(-f^'^(-K^/nj)) be the natural map, and Pc the projective 
subspace of F{H^{Kinj)) spanned by (f){I n J). In other words, Pc = F{V), where 



V := 



^°(^/nj(-Epe/njP))' 



Now, Kinj restricts to Lf'^ ® M|" on X and Lf^^ ® M®" on r. Thus, lifting sections, we 
obtain well-defined maps, 

H\Lf®Mf) - H\Lf®M®^) - 

V SJKX — ^ V , 



from which we derive natural linear maps tx'- Fc ^ Px and ry : Pc — > Py, respectively. 
Each s & Tx induces a linear map (s '■ Px — ^ P, where 

P := P(Symm^(i/°(Ly)) (g) Symm5(i/'^(Mx))). 

Also, each t eTy induces a hnear map : Py — > P. Let 

T := {{s, t)eTxxTY\ (sTx = CtTy}. 

Then {\x X Ay)(T) = V^. 

9. Boundary of tori orbits on Grassmannians 

Lemma 9.1. Let I be a finite set and let V C kj be a non-zero vector subspace. Let 
h := dimV and G := GrasShiki) . For each ordered tripartition I = (/', /, /") of I, let 

(9.L1) Vi:^kr + {kjn{V + ki.)). 

Let O denote the orbit ofV under the natural action of kj on G. If all Pliicker coordinates 
ofV in G are non-zero, then the closure O G is the union of the orbits of the subspaces 
Vi O ki obtained from all ordered tripartitions I = (/', /, I") of I satisfying < h < \I — 

Proof. Let i3 := {6 C /; |6| = h}. For each 6 G i3 let ph denote the corresponding Pliicker 
coordinate on G. In terms of Pliicker coordinates, s E k} acts on a point of G with coordinates 
(p6 1 6 e B) by taking it to the point with coordinates {s^Pb \ b e B). 

Let {pb\b E B) be Pliicker coordinates of V in G. By assumption, Pf, 7^ for every b E B. 
Let Z C G he defined by the following equations on Pliicker coordinates, 

(9.1.2) PbiPb2Pb3Pb4 = PbaPbiPbiPbi for all 61, . . . , 64 e B with 61 + 62 = &3 + h- 

It's clear that O C Z. 

Let W E G with Pliicker coordinates {pi,\b E B). Let 

Bw:^{beB\pby^O}, I{^:^f]b, /(^^ := 7 - |J 6. 

beBw beBw 
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Note that <h<\I - Set Iw ■= I - {I'w U I'w)- 

Wc divide the proof in five steps. 

Step 1 : Let W & Z with Pliicker coordinates {pb\b & B). Then the following two condi- 
tions hold. 

(9.1.3a) Bw = {beB\I{yCbCI-I^} 

(9.1.3b) There is s e k^^ such that PbiPb2 — 's'^^^~^^^PhiPb2 for all hi, 62 € Bw- 

Indeed, let's check (9.1.3a) first. If 6 G Bw then /(^ C 6 C / — /(;^ by definition. 

Conversely, suppose first that \Bw\ = 1- Then I{y = I — I^y, and thus (9.1.3a) holds. 
Suppose now that \Bw\ > 1- Let b G Bw- Then ^ b ^ I — I^. Let such that 

i & b — and j G I — — b. Using an induction argument, we need only show that 
b — i + j G Bw- Since i ^ and j ^ /{^, there are 61,62 £ -^iv such that i ^ 61 and 
j G 62. We'll find 69 ^ -^H^ such that i ^ b^ and j G 6o- If j G 61 or i ^ 62, set 69 '■= bi or 
60 := 62, respectively. Suppose that j ^ 61 and i G 62- Then |6i fl 62I < ^, and hence there is 
M G 61 — 62- Set bo := bi — u + j. Then i ^ bo and j G 6o- Since 61 + 62 = 60 + (62 — J + ■"), 
Equations (9.1.2) imply that bo G Bvk- Hence, since b + bo — {b — i + j) + {bo — j + i). 
Equations (9.1.2) imply that b — i + j E Bw as well. Thus (9.1.3a) holds. 

Let's now check (9.1.3b). If Iw = then \Bw\ = 1, and hence (9.1.3b) holds trivially. 
Assume that Iw 7^ 0, and fix i G Iw- Define s E kj by letting sj := 1 and 

Pb-i+iPb 

*i ■ — ~ 

Pb-J+iPb 

for each i G Iw — h where b G Bw is chosen such that i ^ b and i E b. Observe that such 
b exists because (9.1.3a) holds. Moreover, Sj is independent of the choice of b, because if 
b' G Bw is such that i ^ b' and i G 6', then b + {b' — i + i) = {b — i + i) + b', and hence the 
claimed independence of Sj follows from Equations (9.1.2). 
If i and j are distinct elements of Iw, then 

(9.1.4) PbPb-j+i = {sj/si)pbPb-j+i 

for every b G such that i ^ b and j G b. Indeed, if either i — i or i — j, then (9.1.4) 
holds by definition of Sj or Sj. Suppose that i G — i — j. If i G 6, then 

^ _ ^ Pb-i+jPb ^^ Pb-i+jPb-j+i _ Pb-j+iPb 
Sj Pb-i+iPb Pb-i+iPb-j+i PbPb-j+i 

If i ^ 6, then 

^ _ ^ P6-.; + iPb-j +^ j ^/ ^ PbPb~j+i ^ _ Pb~j+iPb 
Pb-j+iPb-j+i PbPb-j+i PbPb-j+i 

Either way, (9.1.4) holds. Now, (9.1.3b) follows from (9.1.4) and an induction argument. 

Step 1 is complete. 

Step 2: Let G G with Pliicker coordinates {pb\b E B). If (9.1.3a,b) hold, then W eO. 
Indeed, let s E k^^ as in (9.1.3b). Define u eTLi and s G by letting for each i G /, 

'-1 ifiG/{^, fl liiEl'^, 

if i G Iw-, and Sj := \ Sj if i G Iw-, 
if ^ e /(^. I 1 if z G I'^. 
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Define a map ^* — ^7 by letting C{i^)i '■— ^ii^^^ for each i e 7 and each r e k*. For 
each r e k* let Wr :— C('^)^ and {pb{r) \ b e B) he Pliicker coordinates of Wr- Because of 
our choice of (, the power of r in the expression for Pb{r) is minimum exactly among those 
b G Bw Let W E G he the limit of Wr as r goes to 0, and (pj, | 6 G B) Pliicker coordinates 
of W. Of course, W E O. Now, 7^ if and only if b G Bw Moreover, if 61, 62 G Bw then 

Pbi ^ _^(6i-62)E^ ^ g{bi-b2)Phi_ ^ 

P62 ^^2 Pb2 ^62' 

where the last equality holds by (9.1.3b). SoW = W, and hence W E O. Step 2 is complete. 

3: HI— (7, 7, 7") is an ordered tripartition of 7 such that |7'| < h < \I — 7"|, then 
dim = h and {pb\b E B) are Pliicker coordinates of Vi, where 



Pb 



ar QbQI- 7", 
otherwise. 



Indeed, let vi, . . . , w/i be a basis of V in ki. Write 7 = {1, . . . , 5} with 

/' = {1,...,|/'|}, 
7 = {|7'| + 1,...,|7' + 7|}, 

7" = {|7' + 7| + 1,...,|7|}. 

Since no Pliicker coordinate of V is zero, we may assume that the matrix {vi,j)i<i,j<h is the 
identity. Since |7'| < /i < |7 — 7"|, a basis of Vi is given by the vectors Vi, . . . , % defined by 

fO ifjG7", 
^ij •= ■{ if i G 7' and j E I, 
I Vij otherwise. 

In particular, dim Vi = h. It follows as well that {pb\b E B) are Pliicker coordinates of Vj. 
Step 3 is complete. 

Step 4' If G O, then there is an ordered tripartition I = of 7 such that 

1 7' I < h < |7 — 7"|, and such that W is in the orbit of Vi defined by (9.1.1). Indeed, let 
W E Q> with Pliicker coordinates {ph\b E B). Since O C Z, we have W E Z, and hence 
(9.1.3a,b) hold by Step 1. Since (9.1.3b) holds, we may replace by a certain point in its 
orbit and assume that pb = pb for every b E Bw Hence, using Step 3, it follows from (9.1.3a) 
that W^Vj, where I ^ (7{^, Iw, I'w) ■ 

If 1 7(^1 < /i set I := I. Step 4 is complete in this case. II \Iw\ — h then 7^1/ = 0, and thus 
Vf — kp . In addition, 7(y 7^ because h > Q. Let 7 C 7(^ be any non-empty subset and 

put I ■={1'^ - IJ, Iw)- Now, Vi = ki^ since h ^ \I - Then Vj^Vj^W. Step 4 is 
complete. 

Step 5: 111 — (7', 7, 1") is an ordered tripartition of 7 such that |7'| < h <\I — 7"|, then 
Vi E O. Indeed, let {pb\b E B) be Pliicker coordinates of Vi. By Step 3, 

By, = {6gB|7'C6C7-7"}. 

lih<\I - I"\ then I'y^ = 7' and r{,^ = I". If /i = |7 - I"\ then 7(.j = 7' U 7 and I'^^^ = 7". In 
either case (9.1.3a) holds. By Step 3 as well, (9.1.3b) holds trivially with s — 1. By Step 2, 
Vi G O, thus finishing Step 5. 

Steps 4 and 5 show the lemma. □ 
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Lemma 9.2. Let /S. he a finite set, I and J non-empty subsets of A. LetV C ki andW C kj 

be non-zero vector subspaces. Let hi := diml/ and Gi := GnisShX^i) ■ Let h-j := dimiy 
and G2 '■= Grass/i2(/^j)- For each ordered tripartition I = of I and each ordered 

tripartition J = (J', J, J") of J, let 

(9.2.1) Vi:^kr + {kjn{V + kr')) and -.^ kj, + {kjD {W + kjr>)). 
Let A and r be positive integers, and set 

T := {(s, t)ek*xk*j\ s^t^ = s^tf for all i,j Elf] J}. 

Let O denote the orbit of (V, W) under the induced action ofT on Gi x 6*2. // all Pliicker 

coordinates of V and W in Gi and G2 are non-zero, then the closure O C. Gi x G2 is the 
union of the orbits of the pairs {Vi, W^) obtained from all ordered tripartitions I — (/', /, /") 
of I and J = (J', J, J") of J satisfying 

(9.2.2) \I'\<hi<\I -I"\ and \f\<h2<\J-J"\, 
and such that the following two conditions hold. 

(9.2.3a) r nJ ^ J' ni or J" ni ^ I" nJ ^ Jn(i - T) c J" n i, 

(9.2.3b) J' ni ^ I' nJ or I" nJ ^ J" ni ^ in(J - J') c I" n j. 

Proof Let 

B:={bC J; \b\ = h} and C := {c C J; \c\ = /la}. 

For each b E B let pi, denote the corresponding Pliicker coordinate on Gi. For each c e C let 
Qc denote the corresponding Pliicker coordinate on G2- 

Let u :— (y, W). Let {pb\b e B) be Pliicker coordinates of F in Gi and (qdc e C) be 
Pliicker coordinates of W in (^2- By assumption, Pb ^0 for every b E B and $c 7^ for every 
c e C. Let Z <Z Gi X G2 he defined by the following equations on Pliicker coordinates: 

(9.2.4a) PbiPbiPbaPbi = Pb3Pb4PbiPb2 for all 61, . . . , &4 e B with &i + 63 = &3 + ^'4, 
(9.2.4b) QciQc2Qc3Qc4 — Qc3Qc4QciQc2 fo^ all Ci , . . . , C4 G C with Ci + C2 — C3 + C4, 
(9.2.4c) K.QipUi = K^Q^PUi for all 61, 62 e B and d, C2 e C satisfying (9.2.5), 
where 

{fci + Ci = 62 + C2, 
6in(7\ J)=62n(7\ J), 
cin(J\7) = C2n(J\7). 

Given u e Gi x G2 with Pliicker coordinates {pb\b e B) and (gc | c G C), let 

:= {6 e i3 I P6 7^ 0} and C^:= {ceC\q^^ 0}. 

Put 

7::=f|6, 7;:=7-U^ 4 := fl ^' ^ - U 

Note that |7^| <hi<\I - I'^l and | < /i2 < | J" - J'J\- Set 

7, :=7-(7^U7;) and J, J - ( U J::), 



LIMIT CANONICAL SYSTEMS ON CURVES WITH TWO COMPONENTS 



33 



and let 

:= {(s, t) e k^^ X k^^ I slt^ = s]tl for all i, j G 7^ n J^. 
We divide the proof in five steps. 

Step 1: If z/ G O then u G Z. Indeed, let u E O with Pliicker coordinates {pb\b G B) 
and {qc\c E C). Since G O, there is G T such that = s^pb for every b E B and 
Q'c = ^'^^c for every c G C Clearly, (9.2.4a-b) hold. As for (9.2.4c), it holds if and only if 
gr(6i-fe2) ^ ^A(c2-ci) fQj, ^^^^^ g ^ ^j^^ ^^^^^ g ^ satisfying (9.2.5). Since (s,i) G T, we 

need only show that 

(6i n J) - (62 n J) - 61 - 62 = C2 - ci = (c2 n /) - (ci n /). 

But the three equalities above hold because (9.2.5) holds. So u E Z, finishing Step 1. 

Step 2: Let v E Z with Pliicker coordinates {j)b\h E B) and {qdc E C). Then the following 
four conditions hold. 

(9.2.6a) B, = {bE B\Il<Zb<ZI - I'^}, 
(9.2.6b) C = {c G C I 4 C c C J - 4'}, 

iln J ^ Jin I or J'^ n I ^ n J ^ J n {I - ID c j'j n /, 



(9.2.6c) 



(9.2.6d) There IS (s, t) G such that < _ t(ci-c2)~ . ^ 

[?cigc2 = ^ ?ci?c2 for all ci, C2 G C. 

Indeed, (9.2.6a-b) follow as in the proof of Lemma 9.1. 

Let's check (9.2.6c) now. Suppose there are i G /^n(J-J^) andj G {J-J")ri{I-Il). Since 
i E II and j ^ II, there is 6 G -B,^ such that i E b and j b. Since i ^ Jl and j ^ J^', and since 
(9.2.6b) holds, there is c G C,^ such that i ^ c and j E c. Since b + c = {b — i + j) + {c — j + i) , 
Equations (9.2.4c) imply that b — i + j E By. However, i E reaching a contradiction. 
Analogously, if Jln{I- Q ^ then 7 n ( J - J;;) C I'l n J. 

Suppose now that there are i E J'J H {I — J") and j E {J — J") fl (/ — J^). Since i ^ I'l and 
j ^ J;^, and since (9.2.6a) holds, there \^b EBy such that % Eb and j ^ b. Since i G J" and 
j ^ J^', there is c G Cj, such that i ^ c and j E c. Since 6 + c = (fe — i + j) + (c — j + i), it 
follows from Equations (9.2.4c) that c—j-\-i E C^. However, i E J", reaching a contradiction. 
Analogously, if I'l n ( J - J'l) ^ then ln{J - J'^Q I'l n J. So (9.2.6c) is proved. 

Let's check (9.2.6d). As in the proof of Lemma 9.1, there are s E and t E k^ such 
that 



(9.2.7) 



PbiPb'z = s^''^ ^^^PbiPb2 for all 61, &2 e -B,., 
?ci5c2 = t'^''^~''^^Qciqc-2 for all ci, C2 G 



If i and j are distinct elements of 1^ O J^,, let b E Bi, and c G C,^ such that i ^ bU c and 
j G 6 n c. Since 6 + (c - j + i) = (6 - j + i) + c. Equations (9.2.4c) and (9.2.7) imply that 

sjt^ = s'jt'^. So (s, t) G Tj^, and hence (9.2.6d) holds. Step 2 is complete. 

Step 3: Let z/ G Gi x G2 with Pliicker coordinates {pb\b E B) and {qc\c E C). If (9.2.6a-d) 
hold, then 1/ G O. Indeed, for m G Z/, f G Zj, s E k} and t G /c}, define the map 

C:= (Ci,C2):^*^^;x^}, 
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by letting Ci('^)i '■— SiV'"^ for each i e 7 and C2{r)j ■= tjr'"^ for each j e J. We'll choose u, v, 
s and t as indicated below. 

Let (s,t) G Tj, as in (9.2.6d). For each i & I^, set Ui :— and Si :— Sj. For each j e Ji, set 
Vj := and := tj. 

For each i E {I — ly) \ J and each j E {J — J^) \ I set Sj := 1 and := 1, and put 

J-l if^G^, , J-l ifjGJ:, 

i^i '■— \ „ and I), := < 

\l ifzGC ' \i ifje^^ 

Choose the remaining Sj and in such a way that (s, G T. As for the remaining Ui and 
there are three cases to consider. 
Case 1 : If 

(9.2.8) J n J = (/: n J^) u (7, n 7,) u (/: n J^), 

set := —A and Vi := —r if i G n and Ui := A and f j := r if i G fl J". 
Case 2: In case (9.2.8) does not hold, but 

(9.2.9) / n J = (/: n J^) u (I, n 4) u (/:: n 4) u (/J n 7,) u (/J n J^), 



set 



(9.2.10) 



and Vj 



-3r if i G n 
-2r ifiGJ;^n7^, 



-T if i G n 
if teJ'^n I'l. 



-A if i G n J^, 
A if i G n J^, 
2A if i G n 7^, 

3A if^G/^nj;,', 
Case 5": In case (9.2.8) does not hold, but 

(9.2.11) / n J = (/: n 4) u (/: n 7,) u (/^ n J^) u (7, n J^) u (4' n J'l), 

set and Vi as in (9.2.10), but exchanging / with J, A with r, and the -Uj with the Vi. 

If (9.2.9) and (9.2.11) hold, then (9.2.8) holds as well. So the three cases above are 
independent. Moreover, one of the three cases occur. Indeed, if J fl (/ — /^) ^ J'l and 
ln{J - Jl) g I'l, then (9.2.8) occurs by (9.2.6c). On the other hand, if J n (7 - 7^) C J'l 
then (9.2.11) holds, and if / n ( J - J^) C then (9.2.9) holds. 

We chose ^ in such a way that it factors through T . Indeed, since (s, t) G T, it is enough 
to check that r(Mj — u^) = X{vi — Vj) for all i,jElnJ, what can easily be done in each of 
the three cases above. 

Let Uj. := ({r)u for each r G k*, and let (p6(r) | 6 G i3) and (gc(^) | c G C) be Pliickcr 
coordinates of Ur- Because of our choice of (, the power of r in the expression for Ph{r) is 
minimum exactly among those b G Bi,. Likewise, the power of r in the expression for qdr) 
is minimum exactly among those c & Cu- Let V & Gi x G2 he the limit of i^j. as r goes to 0. 
As in the proof of Lemma 9.1, we have u — u. Then i/ G O, finishing Step 3. 

Step 4'- Let z/ G O. Then there arc ordered tripartitions I = (J, J, I") and J = (J', J, J") 
of / and J, respectively, such that (9.2.2-3) hold, and such that u is in the orbit of {Vi, Wj) 
defined by (9.2.1). Indeed, let {pb\b G B) and {qdc G C) be the Pliicker coordinates of 
i/ G O. By Step 1, u e Z. Hence (9.2.6a-d) hold by Step 2. Since (9.2.6d) holds, we may 
replace i/hy a certain point in its orbit and assume that ph = Pb for every b E Bi, and Qc — Qc 
for every c G C^- Let I :— (/^, J,^, J;^') and J := (J^, J,^, J"). As in the proof of Lemma 9.1, 
we have u = {Vf, W^) . 
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There are four cases to consider. _ _ 

Case 1: If \I'J\ < hi and \ Jl\ < /12, set I := I and J := J. Clearly (9.2.2) holds, whereas 
(9.2.3a-b) hold by (9.2.6c). Since u = (Vi, Wj), Step 4 is complete for Case 1. 

Case 2: If |/^| = hi and \ Jl\ < h2, then set I := (/^ — 1,1,1'^) for a certain non-empty 
subset / C to be defined below. Set J := J. As in the proof of Lemma 9.1, we have 

Clearly (9.2.2) holds. We need only choose / such that (9.2.3a-b) hold, and we'll do 
it according to whether (9.2.8). (9.2.9) or (9.2.11) occurs. If (9.2.8) or (9.2.9) occurs, set 
7 := II. If (9.2.8) does not occur but (9.2.11) does, set 

(ll\J if^^J, 
-^l/^nJ^f if/^C Jand_7^2(J^UJ.), 

U^nJ, if/:,c(j^uj,)and7;:2 J^, 

With any of the above choices (9.2.3a-b) hold for I and J. 

Case 3: If < hi and | = proceed as in Case 2, exchanging I with J. 

Case 4- If 1 7^1 = ^1 and \Jl\ — h2, let I Q and J C be non-empty subsets, and put 

I:^{Il-7J,I'l) and J := ( - J, J, J^f). 

As in Case 2, we need only choose I and J such that (9.2.3a-b) hold. If (9.2.8) occurs, set 
7 := II and J := J'^. If (9.2.9) occurs bu^ (9.2.8) does not,_set 7 := and J := 1'^ D J'^. If 
(9.2.11) occurs but (9.2.8) does not, set I := II H J" and J := J^. With any of the above 
choices (9.2.3a-b) hold for I and J. Step 4 is complete. 

Step 5: If 1/ = {Vi, Wj), where I = (/', /, /") and J = (J', J, J") are ordered tripartitions 
of I and J such that (9.2.2-3) hold, then u eO. Indeed, let {pb\b e B) and (^c I c G C) be 
Pliicker coordinates of v. As in the proof of Lemma 9.1, 

Er, = {he B\I' ^bci- I"}. 

Uhi<\I- I"\ then 4 = /' and = /". If hi = \I - I"\ then 4 = /' U 7 and = I". In 
either case (9.2.6a) holds. Analogously, (9.2.6b) holds. Now, (9.2.6c) is simply a restatement 
of (9.2.3) if hi < \I — 1"\ and /i2 < l-'^— J"\- In the remaining cases, (9.2.6c) can be obtained 
from (9.2.3) as well. Finally, as in the proof of Lemma 9.1, Condition (9.2.6d) holds trivially 
with (s, t) = 1. By Step 3, z/ G O, thus finishing Step 5. 

Steps 4 and 5 show the lemma. □ 

10. The variety of limit canonical systems 

Theorem 10.1. Preserve 4.1 and assume (4.3.1). Let 11,11' e Z^. Then the following five 
assertions hold. 

1- ^n,x = V^',x if and only if a,, = a^' and either I^ = /^/ or |q;^| = gy. 

2- V^,y = V^',y if and only if (3^ = and either = J^/ or\(3^\^gx- 

3. = V^/ if and only ifY^^^x = V^',x and V^,y = 

4. Either = V^/ or n V^/ = 0. 

5. If 11' = tfi for a certain t e Z"*", then = V^/. 
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Proof. We take two preliminary steps. 

Step 1: If V^,xnV^/,x 7^0, then and either 7^ = 7^/ or |q;^| = gy. Indeed, let 

V e Gx, and assume that V e V^.x H ^^',x- Let 

i-x := ^x(EpeA(l + and Ly := a;y(Epe7^ - EpeA 

Then y C H^{Lx). Now, is not a base point of (V, Lx) for any p e A by Theorem 5.2. 
So — a/j^^p is the minimum order of (V, L) at for each p e A. Analogously, g^y — ct^/^p is 
the minimum order of {V, L) at Xp for each p G A. So = a^/. 
Assume now that > gy- Let F C A. We claim that 

(10.1.1) ^2^°(i^x(-EpeF^p)) 

if and only if F D 7^. In fact, V D H%Lx{-^p^i^Xp)) by Theorem 5.2. So, if F D 7^ 
then (10.1.1) holds. Conversely, suppose (10.1.1) holds. Since ^ 0, by Riemann-Roch, 
{xp I p G A} imposes independent conditions on H^{Lx)- So, since V 3 H^{Lx{— Ylpei ^p)) 
by Theorem 5.2, it follows from (10.1.1) that V ^ H^{Lx{- T^peF'^p))^ where F' := /n7^. 
We may thus assume that F' — F. 

Suppose by contradiction that F ^ I^. Replacing F by a larger subset, if necessary, we 
may assume |7^ — F| = 1. Since {xp \ p G A} imposes independent conditions on H^{Lx), 
there is s G H^{Lx) such that s{xp) = for every p E F and s(xp) 7^ for p G 7^ — F. 
So s G y by (10.1.1). Let Cj^ be the blow-up of C along A — 7^. By Theorem 8.2, there 
is an invertible sheaf L on C/^ such that L\x = Lx and L\y = Ly, and such that V is 
the image of the restriction map H^{L) H^{Lx)- Let 's G H^{L) lifting s and t := s]y. 
So t G H^{Ly{—J2peFyp))- Since |7^ — F| = 1 and \a\ > gy, it follows from (4.3.2a) that 
h^{Ly{— J^pepVp)) ~ 0- So t = 0, and hence s{xp) = for every p G A. The contradiction 
proves our claim. 

Now, = a^/. By analogy, (10.1.1) holds if and only if F D 7^/. So 7^ = 7^/. Step 1 is 
complete. 

Step 2: Assume that = a^i and either 7^ = 7^/ or \a^\ = gy. Then V^,x = 
Indeed, it follows from Theorem 8.2 and the hypothesis that V^,x = if jct/il > 5'y. 

Now, if \afj_\ = gy then 

V^',x = V^,x = {H%Lx)} 

by Theorem 8.5. Step 2 is complete. 

Steps 1 and 2 prove Statement 1. Statement 2 follows by analogy. Let's prove Statement 3. 
By definition, Yfj,,x and V^,y are the images of V^^ in Gx and Gy, respectively, for each 
II G Z^. Hence, if = V^, 'then V^,x = V^,,x and V^,y = V^.,y. 

Conversely, assume that V^^x = and V^^y = V^/,y. By Statements 1 and 2, we have 

(a^,/?^) = (a^/,/3/,/). In addition, 7^ = 7^/ when |q;^| > gy and J/, = J^/ when > ^i^. So, 
if ja^l > gy and \(3^\ > gx then = V^^ by Theorem 8.2. Now, if = gy or = 
then 

where the first and last equahties follow from Theorem 8.5. Statement 3 is proved. 

Let's prove Statement 4. Suppose that n V^/ 7^ 0. Then V^,x n V^',x 7^ as well. 
Thus V^,x = V^/,x by Step 1. Analogously, V^,y = V^/,y. By Statement 3, = V^,. 
Statement 4 is proved. 
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Finally, let's prove Statement 5. Suppose ji' — tji for a certain t e Z+. Then the 
numerical data (a^, I^) associated with and qy is equal to that associated with /x' and gy- 
Analogously, the numerical data J^) associated with /x and gx is equal to that associated 
with fi' and gx- Thus = N by Statements 1, 2 and 3. □ 

Definition 10.2. Preserve 4.1 and assume (4.3.1). For each ji e let 

:= Vt^, V^,x := Vt^,x, V^,y := Nt^y, 

where t is any positive integer such that t/x G Z^. (By Theorem 10.1, is well defined.) 
Give the topology induced by the Euclidean topology of Ma- Let 

V := U C G. 

We call V the variety of limit canonical systems of C. We call each a stratum of V. 

Proposition 10.3. Preserve 4.1 and assume (4.3.1). For each ji e let 

:= {/x'eQilV^. = V^}. 

r/ien each is convex and homogeneous, and the covering {U^ | ji G Q^} of is finite. 

Proof. By Theorem 10.1, V^^ = for each /x e and each t e Q"*". In other words, each 
is homogeneous. 

Let n, e QX- Clearly, = U^, if and only if = V^/. So, by Theorem 10.1, = U^/ 
if and only if (a^, /3^) = (a^/, /3^/), 

(10.3.1) 7^ = 7^/ when |q;^| > t/y and = J^/ when > t/x- 

On the other hand, < a^^p < gy and < P^^p < gx for each p e A and 7^, C A. So, as 
runs over Q\, the associated numerical data a^, f3fj,, 1^, runs over a finite set. Therefore, 

the covering {U^ | fi G Q^} of is finite. 

Assume now that = U^/. Let t e [0, 1] n Q. Set 

li{t) ■.= tn + {l-t)n\ p{t) ■.= tpi^ + {l-t)p^>, a{t) ■.= tai^ + {l-t)ai^>, 

and put 

I{t) ■.={p e A I p(t)p > p{t)y for every q e A}, 
J{t) e A I a{t)p < a{t)q for every q e A}. 
Then I{t) = 7^ n 7^, if 7^ n 7^, ^ and J{t) = n J^. if n J^. ^ 0. By (10.3.1), 

(10.3.2) I(t) — In when |q;^| > g^y and J{t) — when > gr^. 
Now, since {a^, (3fj,) = {afj,/, Pfj,/), it follows that 

(a^W'/^Mw) = ("m'/^m) and (7^(t), J^(t)) = (7(t), J(t)). 
Then V^(t) = by (10.3.2) and Theorem 10.1. So is convex. □ 

Lemma 10.4. Preserve 4.1. Then, for each p e there exists an open neighbourhood 
C of p such that, for each open neighbourhood U C. Uf^ of p, the following four 
statements hold. 
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1. If II & U then there are unique ordered tripartitions (/', /, /") of and (J', J, J") of 
satisfying the following six properties. 

(10.4.1a) gy + < K\ <gY + 1/^ - I'l 

(10.4.1b) gx + \J"\ < \P^,\ <gx + I - J'l 

(10.4.1c) 7 = 7^, 

(10. 4. Id) a-p^p = a/^^p — 1 ifp e /" and a-p^p — a^^p otherwise, 

(10.4.1e) J = Jp, 

(10. 4. If) P-p^p = P^^p — 1 if p G J" and jJp^p = P^^p otherwise. 

If gxgy > 0, then (/', /, /") and (J', J, J") satisfy the two properties below as well: 

(io.4.ig) I'nJ^gJ'n i^ or J" ni^g i" nJ^^J^n {i^ - 1') c j" n 7^, 
(io.4.ih) J'ni^gi'n or I" nJ^g J" ni^^i^n ( - J') c /" n J^. 

2. If gy > and {I', I, I") is an ordered tripartition of I^ satisfying (10.4.1a), then there 
isjl & U satisfying (10.4.1c,d). 

3. If gx > and (J', J, J") is an ordered tripartition of J/j, satisfying (10.4.1b), then there 
isJi&U satisfying (10.4. le,f). 

4. If gxgy > and (/', /, /") and (J', J, J") are ordered tripartitions of 1^ and satisfying 
(10.4.1a,b,g,h), then there isjl & U satisfying (10.4. Ic-f). 

Proof. To ease notation, let 

{a, p, I, P, a, J) := (a^, p^, /?^, cr^, J^). 

Let Un C consist of the points of the form + £ for all e e Qa satisfying 

(10.4.2) < min(min'(,,.^ -p -. )k6A) ^ 

3(1 + max(max(Q;^, /3g) \ qeA)) 

where "min*" means the smallest non-zero number among the four listed. If (10.4.2) holds, 
then l^pl < Hp for every p e A, and hence U/j, C Qj. 
We take three preliminary steps. 

Step 1 : For each e G Qa there are ordered tripartitions (/', /, /") of / and (J', J, J") of J 
such that (10.4. la,b) and (10.4.3a,b) below hold. 

(10.4.3a) £pO:p < SqOtq = SrOir < £s<^s for all p G /', all q,r E I and all s G /", 

(10.4.3b) EpPp < SqPq — SrPr < SsPs for all p G J', all q,r e J and all s G J" . 

Indeed, for each r G Q let 

4 := {p G / I epap < r}, 7^ := {p G / | £^0;^ = r}, I" := {p g / 1 Spap > r}. 
Since gy < \c(\ < gy + \I\, there is a unique G Q such that 

gy + \I'i\<\a\<gy + \I-Il\. 

Let {r,l,I") := {r^^Jx,,IxJ- Then (10.4.1a) and (10.4.3a) hold. By analogy, we construct 
{J',J,J") satisfying (10.4.1b) and (10.4.3b). Step 1 is complete. 
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Step 2: If QxQy > and there are ordered tripartitions (/', /, /") of / and (J', J, J") of J 
satisfying (10.4.3) for a certain e e Qa, then (10.4. lg,h) hold. Indeed, ii p,q E I (1 J then 
/ipOip — /XgCtg and /ipPp — /J^qPg- Hence 

(10.4.4) apPq = aqPp for all p, g e 7 n J. 

Assume that gx9Y > 0. Let (/', /, /") and (J', J, J") be ordered tripartitions of / and J 
satisfying (10.4.3) for a certain e G Qa- If there arep G rn{J-J') and g e {I-r)n{J-J"), 
then SpOp < SgOg and < £p/9p by (10.4.3). Now, ap(3p > because QxQy > 0. Using 
(10.4.4) we get 

SpOLpl3p <C SqOiqjSp SqjSqOlp ^ SpOtpjSp^ 

reaching a contradiction. If there are p E J" H (I — I") and q E {I — I') (1 (J — J"), then 
Epap < Eqaq and e^/^g < Epfip by (10.4.3). Using (10.4.4) as before, we get EpOpPp < EpOpPp, 
reaching a contradiction. So (10.4. Ig) holds. By analogy, (10.4. Ih) holds. Step 2 is complete. 

Step 3: Let JI:= Id + £ for £ G Qa such that (10.4.2) holds. Let (/',/, /") and (J', J, J") 
be ordered tripartitions of / and J such that (10.4. la,b) hold. If (10.4.3a) holds, then so do 
(10.4.1c,d). If (10.4.3b) holds, then so do (10.4.1e,f). Indeed, define a,^ G Za by letting for 
each p G A, 



ar, 



OLr. 



Oir. 



if p G 
otherwise. 



and P 



if p G J", 
otherwise. 



By (10.4.1a,b), 



Qy < \a\ < gv + \I\ and gx <\fi\ < gx + \J\- 



If (10.4.3a) holds, let A := EpUp for (any) p E I, and define p G Qa by letting for each 
pG A, 



Pv — \ 



EpOLp 



VPp 



Ep{l 



X 



if p G /', 
if p G 7, 
if p G /", 
if p ^ 7. 



Then 



Pp{ap + 1) - = p^{aq + 1) - for aU p, g G A. 

In addition, it follows from (10.4.2) and (10.4.3a) that < Pp < Jlp for every p G A, with 
Pp = Jlp if and only if p G 7. So {a,p,J) = (aj^, Pjc, Iji) , proving (10.4. lc,d). 

If (10.4.3b) holds, let r := Ep^p for (any) p E J, and define a E Qa by letting for each 
pG A, 



Ep(3p 



,p .- 



Pp -\- T Epj3p 



if p G J', 
if p G 7, 
if p G J", 
if p ^ J. 



As before, (/?, cr, J) — {(^jj;, a^j, J-p), proving (10.4. le,f). Step 3 is complete. 
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Let's prove that U :— satisfies Statement 1. Indeed, let /i := + £ for s e Qa such 
that (10.4.2) holds. By Step 1, there are ordered tripartitions (/', /, /") of / and (J', J, J") 
of J such that (10.4.1a,b) and (10.4.3a,b) hold. So (10.4.1c-f) hold by Step 3. If gxgv > 
then (10.4. lg,h) hold as well by Step 2. The uniqueness of the tripartitions follows from 
(10.4.1c-f). 

Let U C U^he an open neighbourhood of fi. Let's prove Statement 2. Assume gy > 0, 
and let be an ordered tripartition of / satisfying (10.4.1a). Define v e Qa by 

letting for each p e A, 

{0 ifp e /'U(A-7), 
lip if p e 7, 
2pip a pel". 

Let e := tv, where t G Q"*" is such that JI := fi + e lies in U. Now, > for each 
pel because gy > 0. Then (10.4.3a) follows from (10.4.5). So (10.4.1c,d) hold by Step 3. 
Analogously, Statement 3 holds. 

Let's prove Statement 4. Assume that gxQv > 0. Let (/', /, /") and (J', J, J") be ordered 
tripartitions of / and J satisfying (10.4.1a,b,g,h). Define v e Qa according to the following 
three cases. 

Case 1 : If 

(10.4.6) / n J = (/' n J') u (TnJ) u (/" n J"), 

let for each p G A, 

{0 if /'U J'U(A-(7U J)), 

/ip if p e / u J, 

2/Xp lip el" [J J". 

Case 2: If (10.4.6) does not hold, but 

7 n J = (/' n J') u (J n /) u (/" n J') u (/" n 7) u (/" n J"), 

let for each p G A, 



'0 


ifperu(J'\/)u(A-(/u J)), 




if p e J, 


< 2/Xp 


if p e I" n J', 


3/Xp 


if p e J, 




ifpe J"u(/"\ J). 



Case 3: If (10.4.6) does not hold, but 

7 n J = (/' n /) u (/' n J) u (/' n J") u (7 n J") u (/" n J"), 

define Vp for each p e A as in Case 2, but now exchanging I with J. 

As in the proof of Lemma 9.2, it follows from (10.4. lg,h) that the three cases above are 
independent, and one of them occurs. 

Let e := tv, where t e Q"*" is such that Ji := + e lies in U. Now, ap > for each pel 
and /3p > for each p e J because gxgv > 0. Then Conditions (10.4. 3a,b) hold in each of 
the three cases above. So (10.4. Ic-f) hold by Step 3. □ 
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Theorem 10.5. Preserve 4.1 and assume (4.3.1). Then, for each ii e Qj, there is an open 
neighbourhood C of /i such that the closure V^^ C G satisfies 

% = U 

■peu 

for every open neighbourhood U <^ of fi. 

Proof. Let e Q^. By Theorem 10.1, we may assume that e Z^. Let be the open 
neighborhood of // given by Lemma 10.4. To ease notation, let 

(a, p, I, P, a, J) := (a^, p^,, (3^, a^, J^). 

In addition, if gxgv > let {a,j3) := (5^,/5^). Let Lx, Ly, Mx and My be the invertible 
sheaves given by (4.2.1). As in 8.3, let Cmj denote the blow-up of C along A — (J fl J). Fix 
isomorphisms Cx,p- Lx{xp) k and C,Y,p'- Lyiyp) — > k for eachp e /, and ix,p'- Mx{xp) — >• k 
and ^Y,p' MyiVp) — > k for each p e J. li gxgy > ^ and I f] J choose them such that 

{(Cl>C'CS®Olpe/nJ} 

patch L®^ (g) M|" and L'f (g) M®" to the sheaf K^j given by (8.2.2). Consider the corre- 
sponding evaluation maps, 

ex: H\Lx) ^ ey. E\Ly) ^ A;,, fx'- H\Mx) ^ A;j, /y: //°(My) ^ 

Let y := Im(ey) and W Im(/x). Let hx '■— dimV and hy diml^. Let 

Gx '■= Giasshxiki) and Gy := Grass/^y (/cj). 

Consider the natural actions of the tori A;| and kj on ki and kj, and their respective actions 
on Gx and Gy. Let Oy and O^y denote the orbits of V and under these actions. 

Let U CUfj^he an open neighborhood of We divide the proof in three steps. 

Step 1 : We'll show that the closure V^^x Q satisfies 

%,x = U V/^.^ 
pec/ 

if giy > 0. In fact, assume that g^y > 0. Then a ^ 0. By Lemma 8.4, the map ex induces a 
closed embedding tx : Gx — > such that ix(Oy) = ^tJ-,x- 
For each ordered tripartition I = (/', 7, 1") of I let 

Vj:^ kr + (kjn(V + kr')), 

and denote by Oy the orbit of Vj in Gx under the action of k}. By (4.3.1), all the Pliicker 
coordinates of V in Gx are non-zero. Thus, by Lemma 9.1, the closure Oy C Gx is the 
union of the orbits Oy, obtained from all ordered tripartitions I — (/', /, I") of / such that 

(10.5.1) \I'\ < hx < \I - 

Since hx = gy — \a\ + |/|, Condition (10.5.1) is equivalent to (10.4.1a). By Lemma 10.4, 
each ordered tripartition I = (/', 7, 7") of 7 satisfying (10.5.1) satisfies (10.4. lc,d) for a 
certain Ji E U. Conversely, for each JI & U there is an ordered tripartition I = (7', 7, 1") of 7 
satisfying (10.4. lc,d) and (10.5.1). 
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Now, let I = be an ordered tripartition of / satisfying (10.5.1), and let e C/ 

such that (10.4.1c,d) hold. Let 

(10.5.2) Lx := Lx{- Y^p^i" ^v) ^"d Ly := Ly{- Epe/' Vp)- 
Let ex and ey be the following compositions, 

ex: H^Lx) > H\Lx) kj . kj, 

ey: H\Ly) > H%Ly) ki > kj, 

where in each composition the first map is the natural injection, and the third map is the 
natural surjection. Equivalently, ex and ey are the evaluation maps corresponding to the 
isomorphisms Cx,p' Lx{xp) — > k and Cy,p'- Lyiyp) — > k induced by Cx,p and (^Y,p for each 
pel. Let V := Im(ey) and hx := hx - |/'|. Since hx > hj (10.5.1), from (4.3.1) 
we get dimV^ = hx- In addition, Vi = V + kji. Let Gx '■— GTassj^^{kj), and denote by 
^x'- Gx 'Gx the closed embedding induced by ex, as in Lemma 8.4. Let Oy denote 
the orbit of V under the natural action of kj. Since Vi = V + kr, there is a bijection 
ijjx '■ Oy — >• Oy, taking a subspace H e Oy to H + kp. Note that 

tx(Ovi) = ix{i^x{Oy)) = lx{Oy). 

By (10.4.1c,d), 

(10.5.3) Tx = Wx(Epga(1 + "m,p)^p) and Ly = UJyiJ^pei-Vp " EpeA"p,p?/p)- 

So, it follows from Lemma 8.4 that lx{Oy) = ^ji,x, and hence lx{Ovj) = Vp^x- Thus, by 
Lemma 9.1, 

= U Vp,x, 

finishing Step 1. 

Step 2: We'll show that the theorem holds if QxQy — 0. In fact, assume that gx — 0. By 
Theorem 8.5, 

V^, y = {i/°(a;y(E,eAyp))} 

and V^/ = V^',x x ^ij.',y for every //' e Qj. If g^y = as well, then V^/ = for every 
1^' £ Qa' and hence the theorem holds. On the other hand, if g'y > then the closure 

C G satisfies 

= X Y,,y = U Vp,x X Y,,y = U Vp,x X Vp,y = |J V^, 

jigu jieu jieu 

where the second equality holds by Step 1. Now, the case where ^ly = is analogous. Step 2 
is complete. 

Step 3: We'll show that the theorem holds if gxQv > 0. Since gx > 0, by Lemma 8.4, the 
map fy induces a closed embedding Ly : Gy — > Gy such that l{Ow) — ^m,^- Let 

T := {{s, t)ek*jxk*j\s^ = tl for all p e 7 n J}. 

Let O be the orbit of (V, W) under the induced action of T on Gx x Gy. By Lemma 8.4, 
we have t(0) = V^, where i :— ux x iy '■ Gx x Gy — > G. 

For each pair of ordered tripartitions I = (/', /, /") of / and J = (J', J, J") of J, define 
the subspaces Vi C ki and VFj C /cj by (9.2.1). By (4.3.1), all the Pliicker coordinates of V 
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in Gx and of 1^ in Gy are non-zero. Thus, by Lemma 9.2, the closure O C Cx x Gy is 
the union of the orbits under T of the pairs {Vi, Wj) obtained from all ordered tripartitions 
I = (J',7, 1") of / and J = (J', 7, J") of J satisfying (9.2.2,3). 

As in Step 1, Condition (9.2.2) is equivalent to Conditions (10.4.1a,b). Since (9.2.3) is equal 
to (10.4.1g,h), by Lemma 10.4, for each pair consisting of an ordered tripartition (/',/,/") 
of / and an ordered tripartition (J', J, J") of J satisfying (9.2.2,3), there is a certain ]! E U 
satisfying (10.4. Ic-f). Conversely, for each JI e U there are ordered tripartitions (/', /, /") of 
I and {J', J, J") of J_satisfying (10.4.1a-h). 

Now, let I = (/', /, /") be an ordered tripartition of / and J = (J', J, J") an ordered 
tripartition of J satisfying (9.2.2,3), and let ]I G U such that (10.4.1c-f) hold. Let Lx and 
Ly be given by (10.5.2), and put 

(10.5.4) Mx ■■= Mxi-EpeJ'^p) and My := My{-ZpeJ"yp). 

Let ex'- H^{Lx) — * kj and ey: H^{Ly) — > kj be the evaluation maps corresponding to 
the isomorphisms Cx,p- Lx{xp) k and Cr,p- Ly{yp) — ^ k induced by (x,p and (y^p for each 
p & I. Let fx - H^(Mx) kj and fy - H^(My) — /cj be the evaluation maps corresponding 
to the isomorphisms Mx{xp) — > k and ^Y,p- My{yp) — > k induced by ^x,p and $,y^p for 
each p e J. 

Let V :— Im(ey) and hx ■— hx — In addition, let Gx ■— Grass^^(/cj), and denote by 

'- Gx the closed embedding induced by ex, as in Lemma 8.4. Let W := lm{fx) and 

hy ■-= hy — \ J'\. Then diml^ = hy and Wj = W + kj', as in Step 1. Let Gy := Grass^^^ (fcj), 
and denote by Ty: Gy — > Gy the closed embedding induced by /y. Let O denote the orbit 
of {Vi, Wj) in G under the action of T. Let denote the orbit of {V, W) under the natural 
action of 

T := {{s, t)ekjxk^\sl = for every p e J n 7} 

on G ■-= Gx X Gy- Since Vi = V + kf and Wj = W + kjr, there is a bijection iJj: — > O 
taking a pair {Hx, Hy) e 0~ to {Hx + ki>, Hy + /cj/) G O- Let I := Ix x : Gx x Gy ^ G. 
Note that 

(10.5.5) l{0) = L{ij{0-)) = T{0-)- 
By (10.4.1c,d), we have (10.5.3). In addition, by (10.4.1e,f), 

Mx = UJx{J2peJT,^p ~ ^peA(^,pXp) and My = UJy{^j,^^{l + (^ji,p)yp). 

We will apply Lemma 8.4 to show that l(0~) — Vp-. First, note that ajz ^ 0. Indeed, 
(^ji.p = (^p for every p e / by (10. 4. Id). Now, I is non-empty and contained in /, and ap > 
for every p E I- Hence a-p^p > for every p E I- Analogously, 7^ 0. So, Lemma 8.4 
applies. If I-pH J-p = 0, we get l(0~) = V^- immediately. 

Assume I-pH Jjx and let q e I-pH Jjc- Then 

Oi— = = = Oi 

" gcd(Q;p,q,/3p,g) gcd{aq,l3q) 
where the middle equality follows from (10.4. Ic-f). Analogously, = (3. Since 
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patch Lf ® M|" and L®^ ® M^" to the sheaf Kir^j given by (8.2.2), it follows from (10.5.2) 
and (10.5.4) that 

{(S>S^C?.NS.r)|pe/,nJ^} 

patch lJ^ (8) M®"^ and L®^ ® mJ"^ to the sheaf 

K := Kinji-Pjri^p^j.xp + Epe/'^p) " "7i(EpGj"l/p + EpeJ'^p))' 

where i^/n j is the pull-back of Kj^j to the blowup C of C along A — (/p- n J-p) . Using 
Equation (8.2.2) and (10.4.1c-f), we get 

K ^ uj^^^^+f^'^ ( J2 (^v,p - ^vf^,p) (^p -yp)-^jiJ2^p-^Yl yp) ' 

p^i-p^Jfi piJ-fi pii-p 

where uJ is the pull-back to C of the duahzing sheaf U) of C. Applying Lemma 8.4, we get 

r(O-) = Vp. 

Since t(0~) = V^:, we get i{0) = W-p from (10.5.5). Thus, by Lemma 9.2, 

V. = U ^M' 

■peu 

finishing Step 3. □ 



Theorem 10.6. Preserve 4.1 and assume (4.3.1). Then the variety V of limit canonical 
systems of C is projective and connected. In addition, Y is of pure dimension 5—1, unless 
gx — gy — 0; in the exceptional case, 

(10.6.1) V= {(//°(a;x(Ep.A^p)),^'(^r(Ep.A?/p)))}- 

Proof. By Proposition 10.3, the covering {V^ | e Q^} of V is finite. Hence, it follows from 
Theorem 10.5 that V is projective. 

Let's prove that V is connected. Let //i, //2 £ Qj- For each t E [0, 1] n Q let 

li{t) ■.^{l-t)iii+tii2 and 7t:={se [0,1] nQl V^(t)} 

By Proposition 10.3, each If is an interval, and finitely many ti, . . . , i:„ e [0, 1] fl Q suffice 
to get a covering h^, . . . , /<„ of [0, 1] n Q. Assume t^ < ■ ■ ■ < t^. Then V^(t,) = V^^ 
and^V^(t„) = V^2. By Theorem 10.5, for^ach i = l,...,n - 1 either V^(t,) C V^(t,_^^) 
or V^(t^) 3 V^(f^_^j); in either case V^(t,) r\N^,{t^^^) ^ 0. Since each N ^,^t) is irreducible by 
Theorem 8.5, it follows that V^j and V^j lie in the same connected component of V. So V 
is connected. 

If gx — gy — 0, then = = for each e Qj. Hence (10.6.1) follows from 
Theorem 8.5. 

Assume now that either gx > or qy > 0. Let's show that V is of pure dimension 6—1. 
Let 11 e Z^. Then dimV^^ < 5 — 1 by Theorem 8.5. So, it's enough to show that either 
dim = 5 — 1 or there is fj,' e Qj such that C V^/ — V^,. To ease notation, let 

(a, p, I, /?, a, J, e) := (a^, p^, a^, J^, e^). 

There are two cases to consider. 
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Case 1 : Assume that there is p e A such that 

(10.6.2) p ^ / if |«| > qy and p ^ J if \l3\ > gx- 

Let p E A satisfying (10.6.2), and put 

./ ■ ( Pp Pp-(^p\ 
t :— mm — , — — . 

Then t' > 0. For each t E Q such that < t < let fx{t) := fx - tp. We claim that t' < /ip. 
Indeed, ii p ^ I H J then either pp < /ip or ap > 0, and hence t' < fj,p. On the other hand, 
since gx > or gy > 0, ii p E I (1 J then ctp > or /3p > 0, and hence t' < //p/2. Therefore 
li{t) e Qi if < t < t'. 

Now, if < t < t' then {ai^(^t), Pfj.(t)) = {o:,j3). Moreover, it follows from (10.6.2) that 
/^(t) ii\a\> gy and J^^t) = J ^ \P\ > gx- By Theorem 10.1, W^^t) ^Y^ifO <t <t'. 
Thus C Vju' by Theorem 10.5, where := /i(i')- the other hand, either a^'^p — ap + 1 
or /3^/,p = (3p + l. By Theorem 10.1, n = 0. So C V^' - V^/, finishing the proof. 

Case 2: Assume now that there is no p G A satisfying (10.6.2). In addition, assume that 
dim Yfj_ ^6 — 1. We claim that 

(10.6.3) \a\>9Y, \P\>9x, /UJ = A and / n J = 0. 

Indeed, suppose that \a\ = gy. Since there is no p G A satisfying (10.6.2), we must have 
\(3\ > gx- Then dimV^u = | J| — 1 by Theorem 8.5. So J 7^ A because dimV^u < 6 — 1. 
Now, (10.6.2) holds for p e A — J, reaching a contradiction. Thus \a\ > gy. Analogously, 
\f3\ > gx- Now, (10.6.2) holds for p e A - (/ U J). Thus 7 U J = A. Finally, if 7 n J ^ 
then dim = 5 — 1 by Theorem 8.5. Thus 7 fl J = 0, and (10.6.3) holds. 
Define A E Qa by letting Xp := /jp if p E J and Ap := otherwise. Put 

t' :— min ( min ( — p ^ J ) , min ( — p E J])- 

V V e / ^/ip(l + ftp) ^ ^ 

Then t' > 0. Let /x(t) := fi — t\ for each t G Q such that Q <t <t' . Now, Pp < Pp for every 
p G J because 7 n J = 0. So < 1, and hence p{t) G if < i < i'. Let p' := p{t'). Then 
either cc^/^p = a^^p + 1 for some p E J or J/^/ D J. Since > gx, in either case Y/^nYf^i — 
by Theorem 10.1. On the other hand, 

{oi^{f),(^tj.{t),Itx{t), JiJ.{t)) = (01, (3, 1, J) 
ifO<t <t'. Hence C V^, - as in Case 1. □ 

Theorem 10.7. Preserve 4.1 and assume (4.3.1). For each u — (Vi, V2) E G, let 

:= R,,x + Ru,Y + ^ ^(5 - 2)p, 

where Ry,x and R^y are the ramification divisors of the linear systems (Vi,L) and (V2,M), 
respectively. IfY is the variety of limit canonical systems of C , then {W^ 1 G V} is the set 
of limit Weierstrass divisors of smoothings of C. 

Proof. Let p E Z^, and denote by C the curve gotten from C by splitting the branches of C 
at each p G A and connecting them by a chain of /ip — 1 rational smooth curves; see 4.2. Let 

(10.7.1) Lx := Wx(EpgA(l + (^t^,p)xp) and My := a;y(EpeA(l + I^^^M- 
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Let V :— (Vi, V2) G V^. By definition, (14, Lx) and (1^2, My) are the limit canonical aspects 
with foci on X and y of a certain regular smoothing tt of C. Let tt be the induced smoothing 
of C; see 2.7. By Theorem 5.2, the limit Weierstrass scheme of tt satisfies 

(10.7.2) [W\ = i?i + i?2 + ^(^ - 1 - - 

where i?i and R2 are the ramification divisors of (14, Lx) and (¥2, My). Now, since 
L = Lx(EpeA(f>' - and M = My(X;p6A(^x - /5^,p)yp), 

we have 

Ri ^ Ru,x - gJ2peAi9Y - at,,p)p and R2 ^ Ru,y - gJ2peAi9x - P^,p)p- 

Using the above expressions in (10.7.2), since = g'x + fi'y + — 1, we get [1^] = W,y. So Wi, 
is a limit Weierstrass divisor. 

Conversely, if tt is a smoothing of C, then there is /i G such that tt induces a regular 
smoothing tt of the curve C obtained from C by splitting the branches of C at each p E A 
and connecting them by a chain of /ip — 1 rational smooth curves; see 2.7 and 4.2. Let Lx 
and My be as in (10.7.1). By Theorem 5.2 there are vector subspaces Vi C H°(Lx) and 
V2 C H^i^My) such that (V^, Lx) and (V2, My) are the limit canonical aspects of tt with foci 
on X and "K, respectively. Let v := (Vi,^) G G. By definition, z/ G V^. Now, proceed 
as in the above paragraph to conclude that the limit Weierstrass scheme W of tt satisfies 
[W] = W,. □ 

11. Miscellany 

Proposition 11.1. Preserve 4.1 and assume (4.3.1). If gx > or gy > then there is a 
{6 — 1) -dimensional family of limit Weierstrass divisors on C. 

Proof. Assume that gy > 0. Then we may choose a G such that |a| = gy + 5 — 1. Define 
H G by letting /ip := 1/ap for each p E A. Then = a and = A. Let 

Lx := ^x(EpeA(l + «p)^p) and Lx := Lx{-^peA^p)- 
Then /i°(Lx) = 5 + 5 - 1 and /i°(Lx) = ^ - 1- For each g G X let 

:= H%Lx{-gq)) + H\Lx) Q H%Lx). 

Let f/ C X be the dense open subset of points q E X such that h^{Lx{—gq)) — 5 — 1 and 
h^{Lx{-gq)) = 0. Then dim = h^{Lx)-l for each qeU. 
We claim that there are gi, . . . , G f/ such that 

(11.1.1a) dim{Vg, n ■ ■ ■ n = /i°(Lx) - J, 

(11.1.1b) V,,n---n V,^ 2 i7°(Lx(-a:p)) for any p G A, 

for J = 0, . . . , (5 — 1. Indeed, let's prove the claim by induction on j. First, (ll.l.la,b) hold 
trivially for j = 0. Now, let j G {0, . . . ,6 — 2} and suppose that there arc qi, ■ ■ ■ ,qj G U 
such that (ll.l.la,b) hold. Let Vj := Vq-^^ Cl ■ ■ ■ (1 Vq^ . Then there is g G [/ such that 

(11.1.2) dim{Vj n H\Lx{-Xp - gq))) = 6-j - 2 for every p G A. 

By (11.1.1a) and (11.1.2), 

h%Lx{-Xp-gq))^S-2 and Vj + H%Lx{-Xp - gq)) ^ H%Lx) 
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for each p e A. Now, if Vj C Vg then Vj + H%Lx{-gq)) C Vg, and hence Vg = H%Lx). 
However, dimV^ = h^{Lx) — 1 because q & U, reaching a contradiction. So Vj % Vg, and 
hence dim(V,- n Vg) = h^{Lx) - j - 1- 

In addition, if Vj DVg O H^[Lx{—Xp)) for a certain p G A, then 

V, nVg^ Vj n {H^{Lx{-Xp - gq)) + H\Lx)). 

Now, hP{Lx{-gq)) = because get/. Moreover, D H^{Lx). So 

dim(y,- n H%Lx{-Xp - gq))) = dim(y,- n F,) - /i°(Lx). 

Since dim(yj- n Vg) = - j - 1, it follows that 

dim(T^- n H\Lx{-Xp - gq))) = h%Lx) - j - I - {g - I) ^ 5 - j - I, 

contradicting (11.1.2). Hence VjHVg % H^{Lx{—Xp)) for any p e A. The induction proof 
of our claim is complete. 

For each D = {qi, . . . , qs-i) € U^~^ let Vd := Vg-^ H ■ ■ ■ H Vg^_^. The following conditions 

on D G U^-^, 

(11.1.3a) dimVD=g, 

(11.1.3b) Vd 2 H\Lx{-Xp)) for any p e A, 

define an open subset W <ZU^-^. By our claim, 7^ 0. 

Let D := (gi, • • • , gs-i) G VT- Since Vg. ^ H^{Lx) for each j = 1,...,(5 — 1, also 
Vd '2 H^{Lx)- As shown in 8.6, Conditions (11.1.3) imply that Vd G V^^^x- Since 
Vd + H%Lxi-gqj)) Q Vg., and since dim^^. = ^ + 5 - 2 and hP{Lx{-gqj)) = 5 - 1, it 
follows that Vd fl H'^{Lx{~gqj)) 7^ for each j = 1, . . . ,S — 1. So gi, . . . , qs-i are ramifica- 
tion points of {Vd, Lx), and hence of {Vd, L)- Since Vd G V^^x it follows from Theorem 10.7 
that qi, . . . , qs-i sit on the support of a limit Weierstrass divisor on C. Since dim W = S — 1, 
there must be a {5 — 1) -dimensional family of limit Weierstrass divisors. □ 

Theorem 11.2. Preserve 4.1 and assume (4.3.1). Let V be the variety of limit canonical 
systems of C , and denote by N(y) the number of its irreducible components. Set 

ns{h) := ^ ^ - and gij := gcd{gx + i,gY+ j) 

for all h,i,j G Z+. Assume that S > 1. Then the following two statements hold. 

1. If gxgv = or gx = gr then N{Y) = ns{meix{gx, gy)), unless gx = gv = 0; in the 
exceptional case, N{Y) — 1. 

2. IfgxQY > then 

5-1 



N{W) > nsigx) + ns{gy) - ^ . 



3. Y is irreducible if and only if gx ^ ^ and g'y < 1. 

Proof. \i gx = gv = ^ then V is simply a point by Theorem 10.6, thus proving State- 
ments 1 and 3 in this case. We may assume from now on that gy > 0. (The case where 
gx > is completely analogous.) 

Given i G Z"*", the number of a G such \a\ = i is (IZi)- Thus the number of a G Zj 
such that i < \a\ < i + S is ns{i). 
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If /i e Z+ then ns{h) = 1 if and only if /i = 1. Indeed, ns{l) = 1 because S > 1. In 
addition, ii h > 1 then the number of a e such that |q;|=/i + (5— lisat least S, and 
hence ns{h) > 1 because S > 1. 

Let A'x(V) be the number of strata of V with dimV^^x = 6 — 1. By Theorem 8.5, 
dimVju^x = 5 — 1 if and only if = A and \ai^\ > gy- Now, given a e satisfying 
qy < \oi\ < gy + S, there is e such that 7^^ = A and = a. (For instance, pick 
A* £ Qa given by //p := l/op for each p e A.) If also e satisfies /^/ = A and a^r = a 
then there is t G Q"*" such that fi' = tfi, and hence Y^r = by Theorem 10.1. It follows 
that sending V^^ to gives a 1-1 correspondence between the set of strata of V with 
dim V^^x = S — 1 and the set of a e Z^ with gy < \a\ < gy + 5. Thus Nx{Y) = ns{gy). 

If g^x = then A^(V) = iVx(V), thus proving Statement 1 in this case. Moreover, N{Y) = 1 
if and only if gfy = 1, thus proving Statement 3 in this case. 

Assume from now on that gx > 0- By analogy, iVy(V) = ns{gx), where Ny{Y) is the 
number of strata of V with dim V^,y = 5 — 1. 

FixiJ e {1,...,5 - 1}. Let a,f3 eZ^ such that 

(11.2.1) \a\=gy + i and \f3\ = g^ + j. 
Then there is e such that 

(11.2.2) IJ'pCKp = lJ>gOiq and /ipPp = /iqPq for all p, g e A 
if and only if 

(11.2.3) — = for every p G A. 

Pp gx + j 

Now, a, /3 e Zj satisfy (11.2.1,3) if and only if there is r G Zj such that 

II 9Y + i o 9x + j 

So, there is a 1-1 correspondence between the set of pairs (a, /3) G Z^ x Z^ satisfying (11.2.1) 
and (11.2.2) for a certain ji G and the set of r G Zj such that |t| = gi^j. The number of 
T G Zj such that |r| = (jiij is (^'^'i^"^)- 

Let be the number of strata of V such that 

(11.2.4) dimV^,x = dimV^,y = 5-1. 

Then N{Y) > Nx{Y) + Ny{Y) - N. Now, by Theorem 8.5, Condition (11.2.4) holds if and 
only if 

Iij.^ Jfi^ A, |q;^| > gy, 1/3^1 > gx. 

It follows from Theorem 10.1 that sending to (a^, /5^) gives a 1-1 correspondence between 
the set of strata of V satisfying (11.2.4) and the set of pairs (a, /3) G Zj x Zj satisfying 
(11.2.1) for certain i,je{l,...,5-l} and (11.2.2) for a certain // G Qj. Thus 

<5-l 



Since N{Y) > Nx{Y) + Ny{Y) - N, we proved Statement 2. 



LIMIT CANONICAL SYSTEMS ON CURVES WITH TWO COMPONENTS 



49 



Without loss of generality, assume from now on that gy > gx- Clearly A'"(V) > Nx(V), 
and hence N{Y) > nsigy)- So, A^(¥) = 1 only if ns{gY) — 1, and hence only if gy — 1. It 
follows that V is irreducible only if gx = gy = ^■ 

Assume from now on that gx = gy- Then (a^, /^) = J^) for each /j, e Q^. It follows 
from Theorem 8.5 that dim V^,x = 5- 1 if and only if dim = 5-1. Hence A^(V) = iVx(V), 
thus proving Statement 1. Now, if g'x = 9'y = 1 then A'"(V) = 1 by Statement 1. □ 



Example 11.3. Preserve 4.1 and assume (4.3.1). Assume that gx = gy = I- Then g = 5+1. 
Choose a basis for H^^UJ®"^) and consider the corresponding bicanonical map (p: C ^ P^^~^. 
Let H (resp. Hx, resp. Hy) be the subspace of P^'^-^ spanned by the image of A (resp. X, 
resp. Y) under (f). Then dim H — 5 — 1 and 

dim Hx = dim Hy = 25 — 1. 

Moreover, Hx H Hy = H. We may view each hyperplane L C if as a subspace of both Hx 
and Hy, and compose (f)\x '■ X — > Hx and (p\y: Y — > Hy with the projections from Hx and 
Hy centered at L. Since OJx and OJy are trivial, these compositions correspond to vector 
subspaces Vl,x ^ H°{lUx{2A)) and V^y Q H^{ujy{2A)) of dimension g. It follows from the 
discussion in 8.7 that 

V = {{Vl,X: Vlx) \ L is a, hyperplane of H}. 

11.4. Graphic representation. Preserve 4.1 and assume (4.3.1). For each A e and each 
non-empty subset X C A let 



IJX,X,K 

UyXK 



--{fx e 



a. 



A and 
A and J„ 



K}, 
K}. 



Then lJx,x,K and Vy^x^K are homogeneous. Now, n e Ux,x,k if and only if Condition (14.4.1) 
below holds. 



(11.4.1) There's p e QX such that 
Condition (11.4.1) can be restated as 



< Pp < Hp for every p E A, 
Pp = pp if and only if p E K, 

Pp{Xp + 1) - pp = Pq{Xq + 1) - pq foT all p,q E A. 



(11.4.2) 



Ap+1 ' \p 
A„ A„+l 



A„+l 



Ap+1' Xp 



if qeK, 
ifpeK, 
if p,q ^ K. 



Similar conditions define the points p G ^y^x,K- Condition (11.4.2) shows that \ix,x,K is 
convex. Analogously, Uy^A,x is convex as well. 
For each G let 

={/^'eQ+|V^,,x = V^,x}, 



U,, 



-{p'e 
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Then = Ux,,^ n Uy,^ by Theorem 10.1. In addition, 
(11.4.3a) Ux,M = 



Ux,a^,7^ if > QY, 

{^ICA^x,a^,I if \oi„\ = gy, 



(ii-4.3b) = r^'^^'^; 'I \^;\ > 

In particular, U^, Ux,// and Uy_^ are convex and homogeneous. 

Using (14.4.2.3) wc can represent graphically the covering of by the strata U^, and 
then study their interrelations. Since there is a 1-1 correspondence between the and the 
this graphic representation is useful in the study of the variety of limit canonical systems 
V. For instance, using Theorem 10.5 and the graphic representation we can determine 
whether two irreducible components of V intersect, and what the intersection is. We can 
also compute the number of irreducible components of V using Theorem 8.5 and the graphic 
representation. See 11.5 and 11.6 below. 

As the are homogeneous, it's more convenient to fix g G A and consider the map 

(11.4.4) QX Ql-iq}^ given by // i-^ /Z, where Ji^ := ^p///^ for each p e A - {q}. 

So, instead of depicting the covering of by the U^, we can depict the covering of Qj_{g} 
by the corresponding images of the U^. 



11.5. Curves with 6 = 2. Preserve 4.1 and assume (4.3.1). Assume 6 = 2. By Theorem 8.5, 
a stratum of the variety of limit canonical systems V has dimension 1 if and only if either 
|Q;/i| = fify + 1 or 1/5^1 = gx + 1- Fix q E A, and identify Q^_|qj. with Q+. Under the map 
(11.4.4), the strata U^u are sent to the intervals in Q+ depicted in Figure 3, where we assume 
that gy > gx > 0. 



Sy- Sy-i 2 9y 

I X * X * X * X 

-L 9x 

Figure 3. Graphic representation for 6 = 2. 

The points marked as "x" (resp. "*") correspond to the strata of V with |q;^| = gy + 1 
(resp. 1/9^1 = (7x + !)• The number of distinct marked points on the line in Figure 3 is the 
number N(¥) of irreducible components of V. Thus 

N{V) = gx + gy- gcd{gx + 1, ^y + 1) + 1. 

So, if 5 = 2 then equality holds in Statement 2 of Theorem 11.2. 

The open intervals on the line in Figure 3 correspond to the strata of V with |q;^| = gy 
and 1/3^1 = gx, and hence represent points of V. By Theorem 10.5, the stratum of V 
corresponding to a certain interval in Figure 3 is the intersection of the closures in G of 
the one-dimensional strata of V corresponding to each end of the interval. Therefore, V 
is as described in Figure 4. Each irreducible component of V is a projective line, unless it 
corresponds to a point on the line in Figure 3 that is simultaneously marked as "x" and 
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"*" . In this case, the irreducible component is isomorphic to a rational curve of bidegree 

{gx + i,gY + i) 
gcd{gx + l,gY + l) 

m the quadric x P\ 




Figure 4. The variety of limit canonical systems for 5 = 2. 



11.6. Curves with S — 3. Preserve 4.1 and assume (4.3.1). Assume S — 3. Fix r e A, and 
identify Qj_|^} with Q+ x Q+. Under the map (11.4.4), the strata are sent to convex 
regions in Q"*" x Q"*" of dimensions varying from to 2. These dimensions are "dual" to those 
of the corresponding strata of the variety of limit canonical systems V. More precisely, 
the image of U^^ in x Q"*" has dimension i if and only if dim V^^ = 2 — i. 

We depict the decomposition of x Q+ for gx — gy — 3 in Figure 5a, and for gx — '^ and 
giy = 4 in Figure 5b. In Figure 5b the solid lines depict the decomposition of x Q+ by the 
images under (11.4.4) of the strata U^,x, whereas the dashed lines depict the decomposition 
given by the strata U^,y. 





Figure 5a: gx ^ gy ^ 3. 



Figure 5b: gx ^2 and gy = 4. 



The open disc in Figure 5a corresponds to one of the neighborhoods C/^ whose existence 
was claimed by Theorem 10.5. More precisely, let yU G whose image under the map 
(11.4.4) is the center c of the disc, and let C be the inverse image of the disc under 
this same map. Then the closure C G satisfies 

% = U V/^- 

More precisely, is an irreducible component of V and 



where /ii, 112, /-is £ Qa (^ny) points having images under (11.4.4) in the interiors of the 
three segments of lines hjh, h meeting at c, as shown in Figure 5a. Each V^. is irreducible 
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of dimension 1. In addition, if 1 < i < j < 3 then V^. DW^. = V^.^ where e is (any) 
point having image under (11.4.4) in the open region Rij whose boundary contains li and 

Ij, as shown in Figure 5a. Each V^-^. is a point. 

Let N(¥) be the number of irreducible components of V. li gx = Qy = ^ then N{Y) is the 
number of marked points in Figure 5a. So N(¥) = 9, as shown in Theorem 11.2. U gx = '2 
and gv — 4: then N(V) is the number of points in Figure 5b that are either marked or in the 
intersection of a sohd hne and a dashed hne. There arc 19 marked points and 6 points of 
intersection of a sohd hne and a dashed hne in Figure 5b. Thus N(¥) — 25. Note that in 
this case Theorem 11.2 says simply that N{¥) > 19. 
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